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Resumo

Apresentamos aqui o sistema Einstein-Maxwell-Klein-Gordon em foliações hiperboloidais, uma formulação

mais recente para a extração de radiação, no infinito futuro nulo. Tanto quanto sabemos, é a primeira

vez que este sistema é evoluído usando uma formulação comum como BSSN/Z4. Usando as foliações

hiperboloidais, conseguimos chegar ao infinito futuro nulo continuamente, ao contrário de outros métodos

recentes como a Correspondência de Características de Cauchy. Com este sistema, conseguimos

simular como um campo escalar carregado se comporta num espaço-tempo plano e perto de um buraco

negro carregado. Conseguimos para além disso ver os modos quasi-normais e as leis de decaimento

de potência, para tempos tardios. Ambos os fenómenos foram testados para perceber como são

influenciados pelo acoplamento eletromagnético entre o buraco negro e o campo escalar carregado. Uma

comparação dos resultados analíticos previamente estudados com as nossas simulações é apresentada.

Também mostramos o colapso do campo escalar carregado num buraco negro de Reissner-Nördstrom.

Palavras-Chave: Reissner-Nördstrom, BSSN, Campo Escalar Complexo, Foliações
Hiperboloidais, Z4
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Abstract

We present the Einstein-Maxwell-Klein-Gordon system in hyperboloidal slices, a recent formulation for

extracting signals at future null infinity. As far as we know, this is the first time this setup is evolved with

a common formulation like BSSN/Z4. Using hyperboloidal slices, contrary to other recent methods like

Cauchy-Characteristic Matching, we can continuously reach future null infinity. With this system, we

simulate how a charged scalar field behaves in flat spacetime and near a charged black hole. We are

further able to see the scalar field’s quasi-normal modes and analyze the late-time power-law tail decays.

Both phenomena were tested to see how they change with the electromagnetic coupling between the black

hole and the charged scalar field. A comparison of previously studied analytical results to our simulations

is shown. We also showcase the collapse of the charged scalar field into a Reissner-Nördstrom black

hole.

Keywords: Reissner-Nördstrom, BSSN, Complex Scalar Field, Hyperboloidal Slices,
Z4
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Chapter 1

Motivation and Structure of the Thesis

The first question to answer is why this work is relevant or, at least, what its aim is and how it extends our

current knowledge of General Relativity (GR).

GR is a four-dimensional gravitational theory, and its remarkable success comes from tying time

and space together. To slice it as a continuum of 3D instants, we have to decompose spacetime into

its corresponding components, space and time. Traditionally, this was done by slicing spacetime along

(Cauchy) slices of the usual constant time t . One then gives initial data on a slice and applies the

decomposed Einstein’s Field Equations (EFEs) to see how the initial geometry evolves according to GR.

This procedure is called the Cauchy evolution. One of its defects is its inability to reach a very specific

infinity, which only light rays (or null rays) extend to: future null infinity. There is also the correspondent

past null infinity, where "light rays are born", as Edgar, my co-supervisor, usually says. Future null infinity

would then be where photons meet their end.

Foremost, we must understand why we should care about future null infinity. As discussed in previous

works [3, 4, 5], we know that our position on Earth, concerning a source of gravitational radiation at a

given distance, can be approximated as being at future null infinity. This means that the radiation we

detect here on planet Earth is a very good approximation to the radiation we can extract, theoretically, at

the source’s future null infinity. This is valid within some limitations, depending on the radiation frequency.

The problem of reaching future null infinity has already been dealt with with some degree of success,

through Cauchy Characteristic Matching (CCM) [6, 7]. This method evolves initial data along Cauchy

slices in a tube and then matches (hence the name) the data on the tube to null cones which go to

future null infinity. The matching may be a source of systematic errors that can affect the accuracy of the

extracted radiation at future null infinity [6].

Fortunately, we have some freedom in how we slice spacetime. Hyperboloidal slices [8] have the

advantage that they reach future null infinity continuously. Although the idea of using these slices has

been around for more than a decade [9, 10], a lot of work is still to be done. It is still unclear which

numerical method, CCM or hyperboloidal slices, will perform better at radiation extraction at future null

infinity. The main goal of this work is to expand on the current applications of the latter method.

We will hence focus on the Einstein-Maxwell-Klein-Gordon system, which has been extensively
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investigated in Cauchy slices [11], but never in the hyperboloidal formulation. The question one should

be asking now is why this system is interesting. First, it allows us to model a charged complex scalar

field, a concept closely related to boson stars [12]. I left some further considerations on scalar fields in

D.2, that might help motivate this part. Second, it is possible to model a charged black hole, called the

Reissner-Nordström (RN) black hole or Reissner-Nordström solution. One can argue that there are still

no conclusive observations pointing to the presence of charge in black holes [13, 14]. Furthermore, it

has been stated that since RN black holes behave like a point charge, it is "not likely to be important

astrophysically" [15]. However, it preserves spherical symmetry, which is significantly easier to simulate.

Also, in the extreme charge-to-mass ratio, i.e., in the limit where the charge equals the mass, RN black

holes can give us some insight into the behavior of extremal Kerr black holes (i.e., rotating black holes).

Lastly, the whole system will allow one to see exactly how a charged scalar field decays at late-times in

charged background, for several papers point to very different behaviours [16, 17].

In the end, by working out the evolution equations of this system in hyperboloidal slices, we provide

a continuous formulation of how to evolve initial data for a charged black hole and lay the groundwork

for the extraction of gravitational waves in the following years. It will also broaden the understanding of

the dynamics between a charged complex scalar field and a charged black hole. Alas, we will see how

the electromagnetic interaction between these two charged objects masks the gravitational effects of the

curvature, at future null infinity and at timelike infinity [18].

Let us then start this journey.
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Chapter 2

Introduction
In this section, we shall start with Einstein’s field equations, see how they change under a conformal

transformation, and adapt them to the formulation of hyperboloidal slices.

2.1 Einstein’s Field Equations
The EFEs are given by:

Gµν = 8πTµν, (2.1)

where Gµν is the Einstein tensor and Tµν the stress-energy tensor. Gµν is a symmetric divergence-free

quantity that describes the geometry of spacetime, and Tµν is the energy and matter content present in it.

Energy and matter change the geometry of spacetime, and spacetime tells energy and matter how to

behave. I left some phenomenological remarks about this in Sec. D.1. The Einstein tensor is defined as

Gµν = Rµν −
1

2
gµνR , (2.2)

where Rµν is the Ricci tensor, gµν the metric tensor, and R the Ricci scalar, themselves defined as

R = g µνRµν, Rµν = R
α
µαν, (2.3)

where Rα
µβν

is the Riemann tensor, given by

Rαµβν = ∂βΓ
α
µν − ∂νΓαµβ + ΓασβΓ

σ
µν − ΓασνΓ

σ
µβ , (2.4)

where Γαµν are called the Christoffel symbols of the second kind. We are only missing out on the definition

of the Christoffel symbols in terms of the derivatives of the metric:

Γαµν =
1

2
gασ (∂µgνσ + ∂νgµσ − ∂σgµν). (2.5)

Let us now reverse-engineer these definitions to give them some physical meaning. The metric tensor

encodes the geometric information of our spacetime. In flat spacetime (called Minkowski spacetime), the

metric tensor looks like the following (Diag means diagonal matrix):

gµν = Diag(−1, 1, 1, 1) (2.6)
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Chapter 2: Introduction 2.1 Einstein’s Field Equations

It treats all the spatial components equivalently and the time component in the opposite fashion. The sign

of each component is a matter of convention: the first entry could be positive, and the spatial entries would

have to be negative. A concise way of expressing the convention is (+,−,−,−) or (−, +, +, +) and here the

latter one will be used. The metric is also used to measure distances between points: suppose we had

two points separated by a given (very) small distance in space and time, depicted by this displacement

vector: dx µ = (d t , dx , dy , dz ). We could calculate the total distance ds between the two points by using

the metric as the inner product matrix, i.e.,

ds2 = dx µdxνgµν = −d t 2 + dx 2 + dy 2 + dz 2. (2.7)

ds2 is called the line element and is a popular way of writing the solutions to the EFEs. The metric just

used has constant coefficients equal to 1, and it corresponds to Minkowski spacetime. For example, for a

Schwarzschild black hole [19], we would have

ds2 = −
(
1 − 2M

r

)
d t 2 +

(
1 − 2M

r

)−1
dr 2 + r 2 (dθ2 + sin2 θdφ2), (2.8)

which represents a static black hole, without charge or angular momentum. It is the simplest black hole

solution. If the black hole has charge Q [20], it is called the Reissner-Nördstrom black hole. It preserves

spherical symmetry, and its line element is written as,

ds2 = −
(
1 − 2M

r
+ Q

2

r 2

)
d t 2 +

(
1 − 2M

r
+ Q

2

r 2

)−1
dr 2 + r 2 (dθ2 + sin2 θdφ2), (2.9)

On the other side of (2.1), we have the stress-energy tensor, Tµν . Its composition will change according to

what we want to model in our system [19]. The equations of motion of this model can be written through

the vanishing covariant derivative of Tµν ,

+νT
µν = 0. (2.10)

These equations state the conservation of energy and momentum. For the case of the massless scalar

field, they translate to:

Tµν = +µφ+νφ − 1

2
gµν+

αφ+αφ, (2.11)

where φ is the scalar field. If we apply (2.10), we get the Klein-Gordon equation,

+µ+µφ = 0. (2.12)

Another example is the electromagnetic component, whose stress-energy tensor is given by

Tµν = FµαF
α
ν − 1

4
gµνFαβF

αβ , (2.13)

where Fµν is the electromagnetic tensor. Applying (2.10), we get Maxwell’s equations,

g βµ+βFµν = 4πJν (2.14)
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+[µFνσ ] = 0. (2.15)

Sometimes, instead of 4π, a −4π will appear. The sign change has to do with the signature of the metric

used. In our case, given that we are using (−, +, +, +), the sign should be positive. The last equation can

be rewritten in terms of the dual Faraday tensor, defined as,

F ∗
αβ =

1

2
ϵαβµνF

µν → +[µFνσ ] = +µF ∗
µν = 0 .

An alternative way of deriving these equations would be to look at the action that describes the system

[11, 21]:

S =

∫ (
R − 8π

[
(Dµφ)∗ (Dµφ)

]
− F µνFµν

) √−gd 4x , (2.16)

with Dµ = +µ + i qAµ and q being the charge of the complex scalar field. Aµ is the four potential, and we will

return to it later. By the usual definition of the stress-energy tensor from the action [19], we recover (2.11)

and (2.13). Varying (2.16) with respect to the fields φ and F µν , we would get (2.12) and (2.14).

2.2 On Nomenclature, Conventions and the Structure of the Thesis

Throughout this work, we will need to distinguish between different manifolds. We shall: start with the

physical metric; compactify it through a conformal transformation; decompose it into the time and spatial

parts (ADM equations); and change them into a well-posed formulation (GBSSN+Z4). Thus, we have

three different stages, and we must give the appropriate names to each. Parallel to this, we will have

some time-independent quantities.

For: physical quantities, we will have them with a tilde on top : g̃ab , K̃ab , Γ̃cab , +̃a , ña , etc.; confor-

mally compactified quantities, with a bar on top: ḡab , K̄ab , Γ̄cab , +̄a , n̄a , etc.; 3+1 decomposed and

spatially conformally rescaled quantities, without anything on top: γab ,Kab , Γcab ,+a , na , etc.; the time

independent quantities, with a hat on top: ĝab , K̂ab , Γ̂cab , +̂a , n̂a , etc.

2.3 Conformal Transformations

To put infinity in a finite place, we will follow [22], where the benefits of using conformal transformations

are explored more indepth. Under this type of transformation, the metric changes as,

ḡµν = Ω2g̃µν, (2.17)

where Ω is called the conformal factor. This factor will be important to take away the divergent terms from

the metric, when we put infinity at a finite place.
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2.3.1 Cauchy Slices and A Brief Example of a Conformal Transformation

+

i +

i

i0=
0

T = 0

--- t̃ = const.

r̃ = const.

Figure 2.1: Penrose Diagram with lines of constant t̃ (Cauchy slices) and constant r̃ .

Let us look at a classic example of a conformal transformation. Consider the flat metric in Minkowski

spacetime, given by,

d s̃2 = −d t̃ 2 + d r̃ 2 + r̃ 2d σ̃2.

where d σ̃2 = d θ̃2+sin2 θ̃d φ̃2 is the usual angular part of the line element. Here, (r̃ , t̃ ) ∈ [0, +∞[×]−∞, +∞[.

Doing the following change of coordinates,

t̃ =
tanV + tanU

2
, r̃ =

tanV − tanU
2

,

the line element becomes

d s̃2 = (2 cosU cosV )−2
[
−4dUdV + sin2 (V −U )d σ̃2

]
.

If we define the conformal factor as Ω = 2 cosU cosV , the compactified line element reads,

d s̄2 = Ω2d s̃2 = −4dUdV + sin2 (V −U )d σ̃2 .

We perform a last change of coordinates,

T =V +U , ψ =V −U , ds2 = −dT 2 + dψ2 + sin2ψdσ̃2 ,

to reach the coordinates in which the Penrose Diagram is usually written. You can see the diagram in

Fig. 2.1. Note the lines of constant t̃ , which are called Cauchy Slices. The overall coordinate change can

7
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be expressed as,

T = arctan(t̃ + r̃ ) + arctan(t̃ + r̃ ), ψ = arctan(t̃ + r̃ ) − arctan(t̃ + r̃ ) . (2.18)

We are now capable of defining some regions of spacetime, already named in Fig. 2.1: spatial infinity,

i 0, the place where all slices of constant t̃ will meet, as r̃ → +∞; future and past timelike infinities, i ±,

the endpoints of any slice of constant r̃ , as t̃ → ±∞; and future and past null infinities, I ±, that can

only be reached when t̃ → ±∞ and r̃ → ±∞, but t̃ − r̃ < ±∞. This latter condition is satisfied solely by

null geodesics, i.e., the paths taken by massless particles (photons) or gravitational waves. I ± will also

be addressed as scri+ and scri-, respectively. Similar (albeit more complicated) compactifications can be

made for Kerr black holes, in general. For Schwarzschild and Reissner-Nördstrom Penrose diagrams,

check Fig. 2.2. These diagrams were done using Kruskal-Szekeres type coordinates, and we provide the

rest of the details of their construction in Appendix C.

r = 0

i0

i +

i

+

r=
0

i0

i +

i

+

Figure 2.2: Penrose diagrams for Schwarzschild and (non-extremal) Reissner-Nördstrom black
hole spacetimes, respectively.

2.3.2 Hyperboloidal Slices
We already saw Cauchy slices in a Penrose Diagram, and now it is time to focus on hyperboloidal slices.

The starting point of using this formulation is making a change of time coordinate,

τ = t̃ − h (r̃ ), (2.19)

where h (r̃ ) is called the height function [8], that depends only on the spatial components. The behavior

that these height functions must follow is that they have to "go up" as r̃ → +∞, to mimic the behavior of

null slices, asymptotically. The derivation of such height functions is varied, and there are several options.

An example coming from [10] uses,

h (r̃ ) =

√
r̃ 2 +

(
3

KCMC

)2
, (2.20)
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where KCMC is the trace of the extrinsic curvature of a Constant Mean Curvature slice (CMC). It means

that the positions of static observers in space are expanding, contracting, or unchanging at the same rate.

We will define the extrinsic curvature afterward. The idea to retain for now is that KCMC = constant. When

we make slices of constant τ (2.19), these are called hyperboloidal slices, depicted in Fig. 2.3. These

slices are spacelike (similar to t̃ = ct. slices) but as they approach I +, they become tangent to null rays

(45-degree lines). We will be dealing with this type of slicing condition from now on.

+

i +

i

i0=
0

τ = const.

(a) KCMC = ±1

+

i +

i

i0=
0

τ = const.

(b) KCMC = ±2

+

i +

i

i0=
0

τ = const.

(c) KCMC = ±3

Figure 2.3: Penrose Diagram with lines of constant τ (Hyperboloidal slices). The slices correspond
to the same values of τ but with different values of KCMC .

Regions of Spacetime and Hyperboloidal Slices
In Fig. 2.2, we have two regions, I and II, that correspond to the regions outside and inside the event

horizon, respectively. The event horizon corresponds to the coordinate singularity appearing in the line

element of Schwarzschild spacetime (2.8), i.e., r̃ = 2M . In the diagram, it is the straight line, 45 45-degree

inclination, that separates both regions. As we will see after, the hyperboloidal slices in this spacetime

continue to reach future null infinity, I +, although in a slightly different way compared to Fig. 2.3. The

specific type of slices we will choose will also be horizon-penetrating, but never touching the singularity,

for this would be numerically complicated to evolve. We can now go back to the EFEs (2.1) and see how

they change under conformal transformations.

2.4 Einstein’s Field Equations Under Conformal Transformations
Here we will follow [10, 23]. Applying a conformal transformation to the metric (2.17), the Christoffel

symbols (2.5) change as

Γ̃
β
µν = Γ̄

β
µν −

1

Ω

(
δ
β
µ +̄νΩ + δβν +̄µΩ − ḡµν ḡ βα +̄αΩ

)
. (2.21)

This means that the Riemann tensor transforms as,
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R̃αβµν = R̄αβµν +
ḡβν+̄µ+̄νΩ

Ω
−
ḡαµ+̄ν+̄βΩ

Ω
−
ḡβµ+̄ν+̄αΩ

Ω
+
ḡαν+̄µ+̄βΩ

Ω

+
ḡαµ ḡβµ ḡιξ+̄

ι+̄ξΩ

Ω2
−
ḡαµ ḡβν ḡιξ+̄

ι+̄ξΩ

Ω2
.

(2.22)

From the definitions of the Ricci tensor and scalar (2.3), we get that they must change as,

R̃µν = R̄µν +
2+̄µ+̄νΩ

Ω
+
ḡµν ḡ

αβ +̄α +̄βΩ

Ω
−
3ḡµν ḡ

αβ +̄αΩ+̄βΩ

Ω2
, (2.23)

R̃ = Ω2R̄ + 6ḡµνΩ+̄µ+̄νΩ − 12ḡµν+̄
µΩ+̄νΩ. (2.24)

Going from (2.2) and adding all the previous results, we see that the EFEs are now given by,

G̃µν = Ḡµν +
2

Ω
(+̄µ+̄νΩ − ḡµν+̄µ+̄νΩ) + 3

Ω2
ḡµν+̄

αΩ+̄αΩ = 8πT̃µν . (2.25)

Here Ḡµν is constructed as a function of ḡµν . The other two factors on the LHS of the equation become

divergent due to the compactification. The stress-energy tensor should also be written in terms of the

rescaled metric and fall off fast enough asymptotically for the whole system to work.

2.5 Z4 Formalism
To have better numerical properties when simulating the system, we introduce here the Z4 formalism [24,

25], which consists of adding a variable Z̃µ to the EFEs. This new formulation reads

G̃µν + 2+̃µ Z̃ν − g̃µν+̃α Z̃α − κ1 (2ñ (µ Z̃ν ) + κ2g̃µν ñα Z̃α ) = 8πT̃µν, (2.26)

where κ1 and κ2 being parameters to choose empirically [10]. ñµ is a unitary timelike normal vector (we

will introduce it formally in 3.1). Note that we regain the EFEs (2.1) by setting Z̃µ = 0. Equation (2.25), in

the Z4 formalism, becomes

G̃µν + 2+̄(µ Z̄ν ) − ḡµν+̄α Z̄α + 4

Ω
Z̄ (µ+̄ν)Ω − κ1

Ω
(2n̄ (µ Z̄ν) + κ2ḡµν n̄α Z̄α ) = 8πT̃µν . (2.27)

If we introduce the Z4 formalism after the conformal transformation, i.e., defining it as a function of the

conformally compactified variables, (2.27) would simply look like (pay attention to the tildes and the bars),

G̃µν + 2+̄(µ Z̄ν ) − ḡµν+̄α Z̄α − κ1 (2n̄ (µ Z̄ν ) + κ2ḡµν n̄α Z̄α ) = 8πT̃µν . (2.28)

It was shown that the (2.27) formulation has better stability properties [10], and we will work with that one.

2.6 Maxwell’s Equations Under Conformal Transformations
Recalling (2.14), Maxwell’s equations [23] are defined as a function of the electromagnetic tensor F̃µν and

the four-current J̃ν . The former is defined in terms of the four-potential Ãµ :

F̃µν = +̃µÃν − +̃νÃµ = ∂µÃν − ∂νÃµ . (2.29)

10



Chapter 2: Introduction 2.7 Klein-Gordon Equation Under Conformal Transformations

To check that these equations can be made conformally invariant, we propose that the (compactified)

electromagnetic tensor be defined according to:

F̄µν = Ωs F̃µν, (2.30)

where s is a constant to be determined. Looking at the covariant derivative of the electromagnetic tensor,

as done in [23], in n dimensions,

ḡ βµ+̄β F̄µν = Ωs+2g̃ βµ+̃β F̃µν + (n − 4 + s)Ωs+1g̃ βµ F̃µν+̃βΩ . (2.31)

In the physically relevant case, n = 4, imposing s = 0 will make the most right-hand-side term vanish. This,

in turn, gives,

ḡ βµ+̄β F̄µν = Ω2g̃ βµ+̃β F̃µν . (2.32)

With this, it would already be enough to demonstrate the conformal invariance of Maxwell’s equations in

vacuum. However, if we consider a non-zero four-current [26, 27], this means that the current must also

scale properly under conformal transformations:

J̄µ = Ω2 J̃µ, (2.33)

to preserve the invariance of the equations, as was already observed in [27]. This will be checked later

with the conserved current coming from the Klein-Gordon field. As a side note, the value of s − 2 is related

to the mass of the photon. In [26], it is proposed that the conformal factor Ω can be considered as a

background field related to electromagnetism. Our choice, s = 0, indicates we are assuming that the

photon is massless. Proca dynamics would require a different value. That is beyond the scope of this

work. Note also that (2.29) implies that the electromagnetic potential Aµ does not change under conformal

transformations.

2.7 Klein-Gordon Equation Under Conformal Transformations
Similar to before, we propose that the scalar field changes, under a conformal transformation, as

φ̄ = Ωs φ̃ (2.34)

Thus, (2.12) becomes,

ḡ µν+̄µ+̄νφ̄ = Ωs−2g̃ µν+̃µ+̃νφ̃ + (2s + n − 2)Ωs−3g̃ µν+̃µΩ+̃νφ̃

+ sΩs−3φ̃g̃ µν+̃µ+̃νΩ + s (n + s − 3)Ωs−4+̃µΩ+̃νΩ

Only when n = 2 and s = 0 is the Klein-Gordon (KG) equation conformally invariant. In our case, where

n = 4, we get,

ḡ µν+̄µ+̄νφ̄ = Ωs−2g̃ µν+̃µ+̃νφ̃ + (2s + 2)Ωs−3g̃ µν+̃µΩ+̃νφ̃+

11
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+sΩs−3φ̃g̃ µν+̃µ+̃νΩ + s (1 + s)Ωs−4+̃µΩ+̃νΩ,

and the simplest transformation happens when s = −1 (this can be generalized [23] for n dimensions,

where s = 1 − n/2)):

ḡ µν+̄µ+̄νφ̄ = Ω−3g̃ µν+̃µ+̃νφ̃ − Ω−4φ̃g̃ µν+̃µ+̃νΩ. (2.35)

In the case we are considering, the massless KG equation, this would give us that the conformal KG

equation is,

ḡ µν+̄µ+̄νφ̄ = −Ω−4φ̃g̃ µν+̃µ+̃νΩ, (2.36)

where the conformal factor would appear as a new potential for the KG conformally compactified field

(we used (2.12) to conclude this). There is an alternative way of writing the KG equation so that it is

conformally invariant, involving the use of the Ricci scalar, but we shall not go into this. This choice makes

the presence of formally singular terms unavoidable. However, if the simulation can handle them, then

the conformally invariant formulation should not present a problem. To get the charged Klein-Gordon

equation one has to change the covariant derivative in (2.12) for the covariant derivative concerning the

electromagnetic field, Dµ = +µ + i qAµ , where q is the charge of the scalar field:

g̃ µνD̃µD̃νφ̃ = 0 ⇐⇒ g̃ µν (+̃µ + i qÃµ) (+̃ν + i qÃν)φ̃ = 0 . (2.37)

In the conformal compactified world, it reads

− q2ĀµĀµΩ3φ̄ + i qΩ3φ̄+̄µĀ
µ + 2i qĀµΩ3+̄µφ̄ + ḡ µνΩ2φ̄+̄ν+̄µΩ

+ ḡ µνΩ3+̄ν+̄µφ̄ − 2ḡµνΩφ̄+̄
µΩ+̄νΩ = 0 .

(2.38)

If we are to impose the physical Lorenz gauge, +̃µÃµ = 0, (2.38) becomes,

−q2ĀµĀµΩ3φ̄ + 2i qĀµΩ2φ̄+̄µΩ + 2i qĀµΩ3+̄µφ̄ − 2Ωφ̄+̄µΩ+̄µΩ + ḡ µνΩ2φ̄+̄ν+̄µΩ + ḡ µνΩ3+̄ν+̄µφ̄ = 0 ,

while if we use the conformal Lorenz gauge, +̄µĀµ = 0, we get

−q2ĀµĀµΩ3φ̄ + 2i qĀµΩ3+̄µφ̄ − 2Ωφ̄+̄µΩ+̄µΩ + ḡ µνΩ2φ̄+̄ν+̄µΩ + ḡ µνΩ3+̄ν+̄µφ̄ = 0 .

We will discuss the Lorenz gauge in more detail afterward.

Conserved Current

The stress-energy component of the complex scalar field is invariant under local U (1) transformations

[28],

φ̃ → e i qθ (x
α )φ̃, Ãµ → Ãµ − ∂µθ (xα ) (2.39)

12
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and, by Noether’s theorem, if there is some degree of symmetry to our system, this implies a conserved

current. Perturbing our field φ̃ → e i qθ (x
α )φ̃, this means that

δφ̃ = i qθ (xα )φ̃, δφ̃∗ = −i qθ (xα )φ̃∗. (2.40)

Noether’s theorem then states that our conserved current is given by,

J̃ν =
∂L

∂ (∂µφ̃)
δφ̃ + ∂L

∂ (∂µφ̃∗)
δφ̃∗, (2.41)

where L is the lagrangian density, corresponding to the integrand in (2.16). This gives us [29, 12, 11, 30],

J̃ν = i
( (
D̃νφ̃

)∗
φ̃ −

(
D̃νφ̃

)
φ̃∗

)
. (2.42)

Writing the conserved current explicitly as a function of the rescaled variables, we get,

J̃µ = Ω2 (−q2Āµφ̄∗φ̄ − 1
2 i qφ̄+̄µφ̄

∗ + 1
2 i qφ̄

∗+̄µφ̄). (2.43)

If we define the compactified four current J̄µ as

J̄µ = −q2Āµφ̄∗φ̄ − 1
2 i qφ̄+̄µφ̄

∗ + 1
2 i qφ̄

∗+̄µφ̄ , (2.44)

we have made sure that J̃ν does in fact change as,

J̃ν = Ω2 J̄ν . (2.45)

We have ensured that Maxwell’s equations are conformally invariant. The set of rules that describes how

the electromagnetic fields change is shown in Sec. 3.4.1. It will be with the conformally compactified current

that we shall work with. Let us now move on to the last thing affected by the conformal transformations,

the stress-energy tensor.

2.8 Stress-energy Tensor Under Conformal Transformations

The stress-energy tensor, when one takes into account several fields (recall (2.11), (2.13)), can be

divided into the corresponding components. The resulting stress-energy tensor will be the sum of these

components. Thus, to take into account the charged scalar field φ̃ and Maxwell’s equations, we have [11],

(T̃em.)µν =
1

4π

[
F̃µλ F̃

λ
ν − 1

4
g̃µν F̃λσ F̃

λσ

]
,

(T̃φ)µν =
1

2

[
(D̃µφ̃)∗ (D̃νφ̃) + (D̃νφ̃) (D̃µφ̃)∗ − g̃µν

(
(D̃λφ̃) (D̃λφ̃)∗

)]
,

T̃µν = (T̃em.)µν + (T̃φ)µν .

(2.46)
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Under conformal transformations, recall that we have F̄µν = F̃µν . This means that [27],

F̃µν = Fµν, F̃
µ
ν = Ω2F̄

µ
ν , F̃ µν = Ω4F̄ µν .

Therefore we conclude that T̃em. = Ω2T̄em.. The complex charged scalar field, on the other hand, does not

have such a simple transformation. Inserting (2.34) into the stress-energy tensor component of the KG

field, we get,

(T̃φ)µν = q2ĀµĀνφ̄∗Ω6φ̄ − 1
2q

2Āσ Ā
σφ̄ ∗ ḡµνΩ6φ̄ + 1

2 i qĀνΩ
4φ̄+̄µφ̄

∗ − 1
2 i qĀνφ̄ ∗ Ω4+̄µφ̄

+ 1
2 i qĀµΩ

4φ̄+̄νφ̄
∗ + 1

2Ωφ̄+̄µΩ+̄νφ̄ ∗ + 1
2Ω

2+̄µφ̄+̄νφ̄
∗ + 1

2Ωφ̄+̄µφ̄
∗+̄νΩ + φ̄∗φ̄+̄µΩ+̄νΩ

+ 1
2 φ̄

∗Ω+̄µφ̄+̄νΩ − 1
2 i qĀµφ̄

∗Ω4+̄νφ̄ + 1
2Ω

2+̄µφ̄
∗+̄νφ̄ + 1

2 φ̄
∗Ω+̄µΩ+̄νφ̄

− 1
2 i qĀ

σ ḡµνΩ
4φ̄+̄σφ̄

∗ + 1
2 i qĀ

σφ̄∗ḡµνΩ
4+̄σφ̄ − 1

2 ḡµνΩφ̄+̄σΩ+̄σφ̄∗ − 1
2 ḡµνΩ

2+̄σφ̄+̄
σφ̄∗

− 1
2 φ̄

∗ḡµνφ̄+̄σΩ+̄σΩ − 1
2 φ̄ ∗ ḡµνΩ+̄σφ̄+̄

σΩ

It is clear from this that the whole stress-energy tensor is not conformally invariant.

Having derived the conformal Z4 formulation of the EFEs, it is now time for the 3+1 decomposition.
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Chapter 3

3+1 Decomposition
3+1 decomposition, a standard procedure in Numerical Relativity (NR), is the act of defining a spacetime

foliation, Σ, that slices the 4 dimensions into a continuous family of non-intersecting 3D hypersurfaces,

with a normal vector orthogonal to them (hence the +1). At the end of this section, we will have the partial

differential equations (PDEs) that describe the evolution and constraints of the Einstein-Maxwell-Klein-

Gordon system.

3.1 Lapse and Shift

The foliations can be thought of as the level curves of a scalar function φ, called the time function [19].

Other authors call it t [10]. We shall stick to the latter convention to not create confusion with the complex

scalar field φ. The normal vector to the hypersurfaces, n̄µ , must then be proportional to the gradient of the

time function (we call this factor of proportionality N for now). We shall require that the normal is unitary

and future-pointing:

n̄µ = −N+µt , N 2 = − 1

g µν+µt+νt
. (3.1)

Following [19], consider an arbitrary congruence of curves that are nowhere tangent to the slices of the

foliation Σt (a fibration). The vector that identifies the points of a given slice to the points in the next slice

is called a rigging vector and we shall call it T µ . This vector will have a component parallel to n̄µ and

another one tangent to the hypersurfaces, β µ , being defined as

T µ = αn̄µ + β µ (3.2)

The mapping from Σt to Σt+δt is, very loosely, δtT µ . Given (3.1), then, in order to restore the physical

significance of T µ , we must have,

α2 = N 2 = − 1

g µν+µt+νt
. (3.3)

α is called the lapse because of this. β , on the other hand, is intuitively the "spatial shift" in the hypersurface

that occurs when passing on from Σt to Σt+δt . Thus, it is called the shift. All of these definitions can be

reverted to get a new way of writing the normal vector,

n̄µ =
1

α
(T µ − β µ) (3.4)
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To maintain the unitary characteristic of the normal vector (recall 2.5), when passing from the physical to

the conformally compactified worlds, we impose that ñµ ñµ = n̄µ n̄µ = −1. This also implies that the normal

vector changes as,

ñµ = Ωn̄µ, ñµ = Ω−1n̄µ . (3.5)

3.2 Induced Metric and Extrinsic Curvature

Let us define the induced metric γ̄µν as,

γ̄µν = ḡµν + n̄µ n̄ν . (3.6)

This metric describes the 3D foliations and is defined as such to take away any contributions along the

normal vector when applied to any tensor. Another way of looking at it is that the metric projects quantities

along spacelike hypersurfaces. If we pick (3.4), we can get an equation that describes the metric ḡµν as a

function of the induced metric, the lapse, and the shift. Using the fact that β µ is tangent to the foliations, if

we are to define T = ∂t , this imposes β as only having spatial components β µ = (0, β i ). From now on,

Latin indices shall always be used together with spatial quantities only, while Greek ones will be used for

4-dimensional tensors. In adapted coordinates, the metric then takes the form,

ḡµν =
©­«
−ᾱ2 + βmβm βj

βi γ̄i j

ª®¬ , ḡ µν =
1

ᾱ2

©­«
−1 β j

β i ᾱ2γ̄i j − β i β j
ª®¬ , (3.7)

where γ̄i j is the strictly spatial part of γ̄µν (γ̄µν = (0, γ̄i j )). The line element d s̄2 becomes,

d s̄2 = ḡµνd x̄
µd x̄ν = −(ᾱ2 − βmβm )d t̄ 2 + 2βj d t̄ d x̄

j + γ̄i j d x̄ i d x̄ j (3.8)

From this, we can also define a projecting operator [19, 10]. It is usually called Bνµ , but this letter will be for

the magnetic field. We will call it ⊥̄νµ :

⊥̄νµ = δνµ + n̄µ n̄ν , (3.9)

that is equivalent to (3.6) by raising one index. This allows us to define the extrinsic curvature,

K̄i j = −⊥̄µ
i
+̄µ n̄ j . (3.10)

If one checks the expression of Ln γ̄i j , one immediately reaches the following equation,

Ln̄ γ̄i j = −2K̄i j (3.11)

where Ln̄ is the Lie derivative along the normal vector. These equations are not only a definition of K̄i j
but also the evolution equations for the induced metric components. We can then interpret the extrinsic

curvature as how much a surface is "moving" perpendicular to it at a specific point. The next steps of the

3+1 decomposition of the EFEs require some algebraic manipulation. We will sketch them briefly, but

redirect the reader to more informative references if needed [28, 19].
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3.3 3+1 Decomposition of Einstein’s Equations
3.3.1 Projections of Riemann tensor
Let D̄a be the induced covariant derivative and R̄ 3

abcd
the Riemann tensor defined from the induced

Christoffel symbols. Start with the projections of the Riemann tensor [19],

⊥̄ea ⊥̄fb ⊥̄
g
c ⊥̄hd R̄ef gh = R̄

3
abcd + K̄ad K̄bc − K̄acKbd (3.12)

⊥̄ea ⊥̄fb ⊥̄
g
c n̄

h R̄ef gh = D̄b K̄ac − D̄a K̄bc (3.13)

⊥̄ea ⊥̄fc n̄b n̄d R̄ebf d = Ln̄ K̄ab +
1

ᾱ
D̄a D̄c ᾱ + K̄ac K̄ dc (3.14)

Each of these equations has a name: the Gauss equation (3.12), the Codazzi equation (3.13), and the

Ricci equation (3.14). When we contract the Gauss equation with γ̄ac = ḡ ac + n̄a n̄c , we get,

⊥̄fb ⊥̄
h
d R̄f h − n̄

e n̄b ⊥̄fb ⊥̄
h
d R̄ef gh = R̄

3
bd + K̄

a
a K̄bd − K̄ ad K̄ba (3.15)

And if we again contract in order to take out the projection operators,

R̄ 3 − 2n̄b n̄d R̄bd = R̄ 3 + K̄ aa K̄ bb − K̄ ab K̄ab = 2n̄a n̄bḠab (3.16)

We just then have to insert (2.27) to reach

R̄ + K̄ 2 − K̄ab K̄ ab +
4
(
γ̄ab D̄a D̄bΩ + K̄Ln̄Ω

)
Ω

+
6
[
(Ln̄Ω)2 − γ̄ab (D̄aΩ) (D̄bΩ)

]
Ω2

− 2K̄Θ + 2D̄aZ
a − 2Z a D̄a ᾱ

ᾱ
− 2κ1 (2 + κ2)Θ

Ω
− 2LnΘ − 8ΘLnΩ

Ω
= 16πρ,

(3.17)

where Θ = −n̄a Z̄a and Z a = ⊥̄a
b
Z̄ b correspond to the 3+1 decomposition of Z a . The ρ on the RHS of the

equation is one of the contractions of the stress-energy tensor, ρ = n̄µ n̄νT̄µν . It can be interpreted as the

total energy of the system [31]. There are other projections of the stress-energy tensor that will be useful

afterward,

J̄ µ = −⊥̄µν n̄αT̄να , S̄µν = ⊥̄αµ ⊥̄
β
ν T̄αβ , S̄ = γ̄µν S̄µν , (3.18)

According to [31], J̄ a is called the momentum density, Sab is called the spatial stress tensor and S its trace.

Note that equation (3.17) will become the evolution equation for the Θ variable. It is also the Hamiltonian

constraint, when setting Θ = Z a = 0.

3.3.2 ADM equations

Contracting the Codazzi equation (3.13) we get,

⊥̄cb n̄
d R̄cd = D̄b K̄

a
a − D̄a K̄ ab , (3.19)

but also note that

⊥̄cb n̄
d Ḡcd = D̄b K̄

a
a − D̄a K̄ ab . (3.20)
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From the EFEs, we get ⊥̄c
b
n̄d Ḡcd = ⊥̄c

b
n̄dT̄cd = −J̄b . Thus, we get:

D̄b K̄
ab − D̄ a K̄ −

2
[
K̄ ab D̄bΩ + γ̄ab D̄bLn̄Ω

]
Ω

− 2K̄ abZb −
κ1Z

a

Ω
+ γab D̄bΘ

− γ̄
abΘD̄bα

α
+ 2γ̄abΘD̄bΩ

Ω
− γ̄abLn̄Zb −

2Z aLn̄Ω

Ω
= 8πJ̄ a

, (3.21)

which will serve as an evolution equation for the Z a variable. This equation is also called the momentum

constraint, when Z a = Θ = 0. Together with the Hamiltonian constraint, it becomes clearer that the Z4

variables serve to control the behaviour of the constraints and propagate away constraint violations. Going

back to (3.15), the second term of the LHS is the same as the LHS of the Ricci equation (3.14). Putting

everything together,

⊥̄ca ⊥̄db R̄cd = ⊥̄ca ⊥̄db

[
8π

(
T̄cd −

1

2
ḡcd ḡ

ef T̄ef

)
−

(
2+̄a +̄bΩ + ḡab□̄Ω

Ω
− 3ḡab (+̄cΩ) (+̄cΩ)

Ω2

)
−
(
2+̄(a Z̄b ) +

4Z̄ (a +̄b )Ω

Ω
− 2ḡab Z̄

c+̄cΩ

Ω
−
κ1 (2n̄ (a Z̄b ) − (1 + κ2)ḡab n̄c Z̄c)

Ω

)]
,

(3.22)

where □̄ = ḡ ab +̄a +̄b is the D’Alembertian. The equation rewritten is an evolution equation for the extrinsic

curvature,

Ln̄ K̄ab = − 1

ᾱ
D̄a D̄b ᾱ + R̄ − 2K̄ac K̄

c
b + K̄ab (K̄ − 2Θ) + 2D̄ (aZb ) −

κ1 (1 + κ2)γ̄abΘ
Ω

+ 3γ̄ab

[
(∂⊥Ω)2 − ᾱ2D̄cΩD̄

cΩ

ᾱ2Ω2

]
+
4Z (a D̄b )Ω

Ω
+ 2D̄b D̄aΩ

Ω
− 2γabZ

cD̄cΩ

Ω
+ γ̄ab D̄

c ᾱ D̄cΩ

ᾱΩ

+ γ̄ab∆Ω
Ω

+ 2K̄abLn̄Ω

Ω
+ γ̄ab (K̄ − 2Θ)Ln̄Ω

Ω
− γ̄abLn̄Ln̄Ω

Ω
+ 4π [γ̄ab (S − ρ) − 2Sab ]

, (3.23)

where we define ∂⊥ = ∂t − Lβ to be the partial derivative along the normal vector. Having finished all the

decompositions of the Riemann tensor and extracted all the information we needed, we can now add a

coordinate system to these equations. We will define Ln =
∂⊥
ᾱ , which means that Ln =

∂t −Lβ
ᾱ . Writing all

of the equations as evolution equations, we get,

∂⊥γ̄ab = Lβ γ̄ab − 2ᾱ K̄ab ,

∂⊥K̄ab = Lβ K̄ab + ᾱ
[
R̄ab − 2K̄ ca K̄bc + K̄ab (K̄ − 2CZ4cΘ) + 2D̄ (a Z̄b ) −

κ1 (1 + κ2)γ̄abΘ
Ω

]
− D̄b D̄a ᾱ

+ 3γ̄ab

[
(∂⊥Ω)2 − ᾱ2D̄cΩD̄

cΩ

ᾱ2Ω2

]
+
4ᾱ Z̄ (a D̄b )Ω

Ω
+ 2ᾱ D̄b D̄aΩ

Ω
− 2ᾱ γ̄ab Z̄

cD̄cΩ

Ω

+ γ̄ab∂⊥Ω∂⊥Ω
ᾱ2Ω

+ γ̄ab∆Ω
Ω

+ 2K̄ab∂⊥Ω

Ω
+
γ̄ab (K̄ − 2CZ4cΘ)∂⊥Ω

Ω
− γ̄ab∂⊥∂⊥Ω

Ω

+ 4πᾱ [γ̄ab (S̄ − ρ̄) − 2S̄ab ]

∂⊥Θ = LβΘ + ᾱ
2

[
R̄ − K̄ab K̄ ab + K̄ (K̄ − 2CZ4cΘ) + 2D̄a Z̄

a − 2κ1 (2 + κ2)Θ
Ω

]
− CZ4c Z̄

a D̄a ᾱ

+ 3
[(∂⊥Ω)2 − ᾱ2D̄ aΩD̄aΩ]

ᾱΩ2
+ 2ᾱ∆̄Ω

Ω
+
2(K̄ − 2CZ4cΘ)∂⊥Ω

Ω
− 8πᾱ ρ̄,

∂⊥Z̄a = Lβ Z̄a + ᾱ
[
D̄b K̄

b
a − D̄a K̄ − D̄aΘ − 2K̄ab Z̄

b − κ1Z̄a
Ω

]
− CZ4cΘD̄a ᾱ + 2ᾱΘD̄aΩ

Ω
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− 2D̄a∂⊥Ω

Ω
−
2ᾱ K̄ ba D̄bΩ

Ω
− 2Z̄a∂⊥Ω

Ω
+ 2D̄a ᾱ∂⊥Ω

ᾱΩ
− 8πᾱ J̄a ,

where ∆̄ = γ̄ab D̄a D̄b . The equations for the Hamiltonian (3.17) and momentum (3.21) constraints are

given by,

H = R̄ − K̄ab K̄ ab + K̄ 2 +
6
[
(∂⊥Ω)2 − ᾱ2D̄aΩD̄

aΩ
]

ᾱ2Ω2
+ 4∆̄Ω

Ω
+ 4K̄ ∂⊥Ω

ᾱΩ
− 16πρ̄,

Ma = D̄b K̄
ab − γ̄ab D̄b K̄ − 2K̄ ab D̄bΩ

Ω
− 2γ̄ab D̄b∂⊥Ω

ᾱΩ
+ 2γ̄ab D̄b ᾱ∂⊥Ω

ᾱ2Ω
− 8πJ̄ a .

These equations describe the Arnowitt-Deser-Misner formalism (ADM), the most common EFEs (Hamiltonian-

like) formulation [32]. The coefficient CZ4c signals the components coming from Z4. The set of rules for

how most of the variables change under the conformal transformation is the following:

ḡab = Ω2g̃ab , γ̄ab = Ω2γ̃ab ᾱ = Ωα̃ , Θ =
Θ̃

Ω
, β̄ a = β̃ a

K̄ab = ΩK̃ab −
γ̃ab∂⊥Ω

α̃
, K̄ =

K̃

Ω
− 3∂⊥Ω

α̃Ω2

3.3.3 Generalized BSSN and Z4 formalism
One of the disadvantages of the ADM formalism is the fact that the system of equations is not strongly

hyperbolic [33]. To fix this, we can use the Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formalism [34,

35], introducing a conformal rescaling of the ADM equations. The new conformal factor χ will be defined

as [10]

χ =

(
γ

γ̄

)1/3
, (3.24)

where γ is the determinant of the conformally rescaled spatial metric and γ̄ the determinant of the spatial

metric. BSSN also requires the determinant of the conformally rescaled metric (γ) to be unitary. However,

this is not suitable for spherical coordinates and thus we will choose the Generalized BSSN (GBSSN)

[36], which discards this assumption. (3.24) also implies that,

γab = χγ̄ab , γab = χ−1γ̄ab . (3.25)

This means that the extrinsic curvature has to change as Kab = χK̄ab , K ab = K̄ abχ−1, leaving the trace of

the extrinsic curvature unchanged, K ii = K̄
i
i . The extrinsic curvature tensor should also be separated into

trace and trace-free components. The trace-free part is defined as

Aab = Kab −
1

3
γab K̄ = χĀab . (3.26)

Following the original BSSN, we will define the new variable K , which is not the "pure" extrinsic curvature

trace, since it has a mixed part of the Z 4 formalism:

K = K̄ − 2Θ (3.27)
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We also define a new variable ∆Γa :

∆Γa = Γa − Γ̂a , (3.28)

where Γa allows for good hyperbolicity properties of the EFEs [10]. These new Γa are a contraction of the

Christoffel symbols,

Γa = γbcΓabc = − 1
√
γ
∂b (

√
γγab ), (3.29)

while Γ̂ = γbc Γ̂a
bc

is defined along with Γ̂a
bc

, a connection derived from a time-independent background

metric γ̂ab . This metric can be arbitrary, so it is simpler to define it as having the components that a

stationary solution of the EFEs would have. To finish off, we define a new variable which will be useful

later on,

Λa = ∆Γa + 2γabZb . (3.30)

We show the rewriting of the evolution equations [10] in Appendix A. We will pass on to the 3+1 decompo-

sition of Maxwell’s and Klein-Gordon equations.

3.4 3+1 Decomposition of Maxwell’s and Klein-Gordon equations

3.4.1 Maxwell’s Equations

We will now assume spherical symmetry, which implies the vanishing of the magnetic field [28, 30].

Following [37], we shall add a scalar field, ψ̃, whose purpose is to provide numerical stabilization for the

Gauss constraint:

+̃µ
(
F̃µν + g̃µνψ̃

)
= 4π ( J̃ν − ñνk ψ̃) , (3.31)

where k is an empirical constant to control the evolution of ψ̃. This method could also be applied to the

conformally compactified variables,

+̄µ
(
F̄µν + ḡµνψ

)
= 4π ( J̄ν − n̄νk ψ̄) ,

but we will work with (3.31). An important aspect of the Maxwell tensor is that we can write it as [37],

F̃µν = ñµẼν − ñνẼµ + ϵ̃µναβ B̃α ñβ , (3.32)

where Ẽν and B̃α are the electric and magnetic fields respectively. The quantity ϵ̃µναβ is the Levi-Civita

tensor, defined with respect to the Levi-Civita symbol ηµναβ by:

ϵ̃µναβ =
1
√
g̃
ηµναβ . (3.33)

We saw that the electromagnetic tensor is invariant under conformal transformations. If we were to rewrite

this equation in terms of the conformally compactified variables, we would get (using (3.5)),

F̃µν = F̄µν = ñµẼν − ñνẼµ + ϵ̃µναβ B̃α ñβ = Ω−1n̄µẼν − Ω−1n̄νẼµ + Ω4ϵ̄µναβ B̃
αΩn̄β , (3.34)
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where we recall (3.33) to get the transformation law ϵ̃µναβ = Ω4ϵ̄µναβ and ϵ̃µναβ = Ω−4ϵ̄µναβ . Although the

electric and magnetic fields do not transform in the same way as tensors, one can propose that their

rescaled counterparts are

Ēµ =
Ẽµ

Ω
, Ẽµ = ΩĒµ, B̄µ = Ω5B̃µ, B̃µ =

B̄µ

Ω5
. (3.35)

Using the fact F̃ µν = Ω4F̄ µν , we also have the "transformation" rules for the contravariant fields,

Ē µ =
Ẽ µ

Ω3
, Ẽ µ = Ω3Ē µ, B̄µ =

B̃µ

Ω9
, B̃µ = Ω9B̄µ . (3.36)

Note that the electric and magnetic fields "transform" in opposite ways under conformal transformations.

This agrees with the fact that (in flat spacetime) the electric field is a vector and the magnetic field is a

pseudovector. From electrodynamics [31], we know that there are two invariants arising from the Faraday

tensor,

F̃µν F̃
µν = 2(B̃µB̃µ − ẼµẼ µ), F̃µν F̃

∗µν = 4Ẽ µB̃µ, (3.37)

where the dual Faraday tensor F ∗µν is given by,

F̃ ∗µν = −1

2
ϵ̃µναβ F̃αβ . (3.38)

Under a conformal transformation, both of these invariants change as,

F̃µν F̃
µν = 2(B̃µB̃µ − ẼµẼ µ) = 2(B̄µB̄µ − ĒµĒ µ)Ω4 = Ω4F̄µν F̄

µν

F̃µν F̃
∗µν = 4Ẽ µB̃µ = 4Ē µB̄µΩ

4 = Ω4F̄µν F̄
∗µν,

(3.39)

agreeing with the transformations of the Faraday tensor that we had gotten before. For the 3+1 decompo-

sition, we will stick to the conformally compactified electromagnetic fields. Projecting (3.32) along the

normal vector we get,

Ēν = −n̄µ F̄µν = −n̄µ (+̄µĀν − +̄νĀµ) , (3.40)

and it is also useful to decompose the four potential Āµ :

Φ̄ = −n̄µĀµ , Āi3 = γ̄
i
µĀ

µ , (3.41)

where Ā3i is the vector potential and Φ̄ is a scalar potential related to the electric potential. We will see

how these last two quantities are related later.

Evolution Equations

Projecting (3.40), it becomes an evolution equation for the vector potential Ā3,

∂t Ā
i
3 = Lβ Ā

i
3 + ᾱ Ē

i + D̄ i (ᾱ Φ̄), (3.42)
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Going back to (3.31), as discussed in [37], and inserting (3.40), we just apply the covariant derivative and

we retrieve the evolution equations for the electric field and for the ψ̄ scalar,

∂t Ēi = Lβ Ēi + ᾱ Ēi K̄ + 4πᾱ j̄i −
ᾱ D̄i ψ̄

Ω2
(3.43)

∂t ψ̄ = Lβ ψ̄ − Ω2ᾱ D̄i Ē
i − 4πΩ2ᾱ q̄dens. + 4πΩ2ᾱk ψ̄ , (3.44)

where j̄ i is the current density and q̄dens. is the charge density. These are the result of the 3+1 decompo-

sition of the conformally compactified 4-current,

j̄i = γ̄
µ
i
J̄µ , q̄dens. = −n̄µ J̄µ . (3.45)

If we were to define the scalar ψ̄ directly in the conformally compactified version of Maxwell’s equations,

the evolution equation for the scalar field would become simply,

∂t Ēi = Lβ Ēi − ᾱ Ēi K̄ + 4πᾱ j̄i − ᾱ D̄i ψ̄ (3.46)

∂t ψ̄ = Lβ ψ̄ − ᾱ D̄i Ē i − 4πᾱq̄dens. + 4πᾱk ψ̄ . (3.47)

Both formulations worked fine in the simulation, so we stuck with (3.43) and (3.44). We can also test

four-current conservation by applying the covariant derivative to J̄µ , which gives the following evolution

equation,

+̃µ J̃µ = 0 ⇐⇒ ∂⊥q̃dens. = Lβ q̃dens. + ᾱ K̄ q̃dens. − ᾱ D̄ i j̃i − j̃ i D̄i ᾱ + 2j̃ i ᾱ D̄iΩ

Ω
+ 2q̃dens.LnΩ

Ω
, (3.48)

In terms of nomenclature, q̄dens., the charge density is what sometimes is referred to as ρ [30], but here

we make the distinction because ρ is already in use as the energy-momentum tensor trace.

Gauss Constraint

If we impose in (3.44) (or in (3.47)) that ψ = 0 in (3.44), we recover the Gauss constraint in [28]:

G = D̄i Ē
i + 4πq̄dens. . (3.49)

This is the usual Gauss equation in a standard book on electromagnetism [38], with some extra terms

coming from the conformal transformation.

3.4.2 Complex Klein-Gordon Equation

Regarding the complex scalar field, to implement the evolution system we divide the scalar field into the

real and complex parts, c̃φ and d̃φ ,

φ̃ = c̃φ + i d̃φ , c̃φ, d̃φ ∈ Ò . (3.50)
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We also define the corresponding conformally rescaled real and complex parts of the scalar field,

c̄φ = Ω−1c̃φ , d̄φ = Ω−1d̃φ .

To break down the KG equation in a first-order system of PDEs, we add an extra variable Π̄, such that

Π̄ = ∂t φ̄ → c̄Π = ∂t c̄φ, d̄Π = ∂t d̄φ . (3.51)

If we go back into the Klein-Gordon equation (2.12), recall that it expands into,

+̃µ+̃µφ + i qÃµ+̃µφ̃ + i q +̃µ (Ãµφ̃) − q2ÃµÃµφ̃ = 0 , (3.52)

Writing the equation after the conformal transformation and the 3+1 decomposition in its real and imaginary

parts,

∂t c̄Π = c̄ΠK̄ − q2Ā3i Ā3
i
c̄φ ᾱ − 2qc̄ΠΦ̄ + qd̄φK̄ ᾱ Φ̄ + q2c̄φ ᾱ Φ̄2 − qd̄φ γ̄j i ᾱ D̄j Ā3i − qĀ3

j
ᾱ D̄j d̄φ

− qĀ3
j
d̄φD̄j ᾱ +

2qĀ3
j
d̄φ ᾱ D̄jΩ

Ω
+ γ̄i j D̄j ᾱ D̄i c̄φ +

2γ̄j i ᾱ D̄jΩD̄i c̄φ

Ω
− qĀ3

i
ᾱ D̄i d̄φ

−
2qĀ3

i
d̄φ ᾱ D̄iΩ

Ω
−
2γ̄j i ᾱ D̄j c̄φD̄iΩ

Ω
+
c̄φ γ̄

i j D̄j ᾱ D̄iΩ

Ω
−
2c̄φ γ̄

j i ᾱ D̄jΩD̄iΩ

Ω2
+ γ̄j i ᾱ D̄i D̄j c̄φ

+
c̄φ γ̄

j i ᾱ D̄i D̄jΩ

Ω
+ c̄ΠLn ᾱ

ᾱ
+
c̄φK̄ ᾱLnΩ

Ω
+
2c̄φ ᾱ (LnΩ)2

Ω2
− qd̄φ ᾱLn Φ̄ −

c̄φ ᾱLnLnΩ

Ω
+ Lβ c̄Π

+
Lβ c̄Π

ᾱ
− K̄Lβ c̄φ −

Ln ᾱLβ c̄φ

ᾱ
+ 2q Φ̄Lβ d̄φ −

LβLβ c̄φ

ᾱ
(3.53)

∂t d̄Π = d̄ΠK̄ − q2Ā3i Ā3
i
d̄φ ᾱ + 2qc̄ΠΦ̄ − qc̄φK̄ ᾱ Φ̄ + q2d̄φ ᾱ Φ̄2 + qc̄φ γ̄j i ᾱ D̄j Ā3i + qĀ3

j
ᾱ D̄j c̄φ

+ qĀ3
j
c̄φD̄j ᾱ −

2qĀ3
j
c̄φ ᾱ D̄jΩ

Ω
+ qĀ3

i
ᾱ D̄i c̄φ + γ̄i j D̄j ᾱ D̄i d̄φ +

2γ̄j i ᾱ D̄jΩD̄i d̄φ

Ω

+
2qĀ3

i
c̄φ ᾱ D̄iΩ

Ω
−
2γ̄j i ᾱ D̄j d̄φD̄iΩ

Ω
+
d̄φ γ̄

i j D̄j ᾱ D̄iΩ

Ω
−
2d̄φ γ̄

j i ᾱ D̄jΩD̄iΩ

Ω2
+ γ̄j i ᾱ D̄i D̄j d̄φ

+
d̄φ γ̄

j i ᾱ D̄i D̄jΩ

Ω
+ d̄ΠLn ᾱ

ᾱ
+
d̄φK̄ ᾱLnΩ

Ω
+
2d̄φ ᾱ (LnΩ)2

Ω2
+ qc̄φ ᾱLn Φ̄ −

d̄φ ᾱLnLnΩ

Ω
+ Lβ d̄Π

+
Lβ d̄Π

ᾱ
− K̄Lβ d̄φ −

Ln ᾱLβ d̄φ

ᾱ
− 2q Φ̄Lβ c̄φ −

LβLβ d̄φ

ᾱ
. (3.54)

If there is no electromagnetic coupling, these equations can be treated as completely separate fields.

This would give the real scalar field equation, already derived in [10]. Regarding the conserved current

(3.45), we expand it to

q̃φ = −q2c̄2φΩ
2Φ̄ − q2d̄ 2φΩ

2Φ̄ − qd̄φΩ2Ln c̄φ + qc̄φΩ2Ln d̄φ = Ω2q̄φ (3.55)

( j̃φ)i = −q2Ā3i c̄
2
φΩ

2 − q2Ā3i d̄
2
φΩ

2 + qd̄φΩ2D̄i c̄φ − qc̄φΩ2D̄i d̄φ = Ω2 ( j̄φ)i . (3.56)

The only evolution equation missing is the one for the scalar potential. We have some gauge freedom to

do so, as we have already talked about. If we were to follow [28] and set the Lorentz gauge +̃µÃ
µ = 0, this
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reads:

∂t Φ̄ = K̄ ᾱ Φ̄ − γ̄i j ᾱ D̄i Ā3j − Ā3
i
D̄i ᾱ + 2Ā3

i
ᾱ D̄iΩ

Ω
+ 2ᾱ Φ̄LnΩ

Ω
+ Lβ Φ̄ . (3.57)

And with a choice of gauge for the scalar potential Φ̄, we complete the set of equations necessary to

evolve our system. The Lorentz gauge could also be defined in the conformal world:

∂t Φ̄ = K̄ ᾱ Φ̄ − γ̄i j ᾱ D̄i Ā3j − Ā3
i
D̄i ᾱ + Lβ Φ̄ . (3.58)

Whatever definition of the gauge we use for the electric field, the equation (3.48) will hold. During this

work, it was useful to consider other gauge conditions, as will be shown later. One option taken into

consideration was the light-cone gauge.

3.4.3 Light-Cone Gauge

In [27], it is shown that the Lorentz gauge does not hold under conformal transformations,

g̃ µν+̃µÃν = ḡ
µν+̄µĀν − 2ḡ µνĀν+̄µ ln Ω = 0 , (3.59)

This has been discussed in [39] as well, where the tails of the electromagnetic potentials are shown to be

just gauge-tails. This contrasts with the late time tails of the scalar field [40, 4]. An alternative proposed

in [27] is the light-cone gauge. It has been used in several contexts [41, 42], but more broadly in string

theory [43]. The idea is to force,

l µÃµ = 0 , (3.60)

where l µ is an outgoing null vector. This condition does not change under conformal transformations.

Following the Newman-Penrose formalism [44], we start with a general spherically symmetric spacetime,

d s̃2 = −f (r̃ )d t̃ 2 + f (r̃ )−1d r̃ 2 + r̃ 2d θ̃2 + r̃ 2 sin2 θ̃d φ̃2 , (3.61)

and the corresponding outgoing null vector can be given by,

l µ =
1
√
2
(f (r̃ )−1/2, f (r̃ )1/2, 0, 0) . (3.62)

The line element in terms of the lapse and the shift is described in the next section (3.70), but we write

the result here for now, to proceed onwards with the derivation at hand:

d s̄2 = −(α2 − χ−1γr r (β r )2)d t 2 + χ−1 (2γr r β r d t dr + γr r dr 2 + γθθr 2dσ2).

In a spherically symmetric spacetime, as we are considering throughout this work, we can put dσ = 0. If

we propose that l µ = (B ,C , 0, 0), where B and C are generic functions, and impose the null condition, we

get:

ḡµν l
µ l ν = 0 ⇐⇒ −(α2 − χ−1γr r (β r )2)B2 + χ−1 (2γr r β rBC + γr rC 2) = 0. (3.63)
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Imposing B = 1, we get a quadratic equation for C , with two solutions C = −β r ± α
√

χ
γr r

. The outgoing

speed [10] of the characteristics of our system is given by,

c+ = −β r + α
√
χ

γr r
,

so we will choose the positive sign. Going back to the decomposition of the four potential (3.41), we can

rewrite it as (check (4.8) in the next section),

Āµ = Φ̄n̄µ + Ā3µ = (−Φ̄α , γ̄r r Ā3
r
, 0, 0) .

This means that the light-cone gauge imposes that,

l µÃµ = l
µĀµ = −Φ̄α + c+γr rχ−1Ar3 = 0 ⇐⇒ Φ̄ = Ar3c+

γr r
χα

=
γr r
χα

Ar3

(
−β r + α

√
χ

γr r

)
. (3.64)

With the light-cone gauge, we are removing one of the evolution equations and substituting it with a

constraint equation. It is also possible to differentiate the condition with respect to time and derive an

evolution equation for Φ. Note that this gauge, underneath, is imposing

Aµ ∝ lµ , (3.65)

i.e., it is forcing the four-potential to evolve along the outgoing null geodesics. This is the physical intuition

behind this gauge. We have tested this gauge in our simulation, and nothing conclusive was retrieved.

This will be discussed in section 6.5.

3.4.4 Maxwell’s and Klein-Gordon Equations in GBSSN Formulation

Regarding the electromagnetic quantities, we will propose that neither the electric potential, the magnetic

vector potential nor the electric field change under this rescaling, i.e.,

Ā3i = A3i , Φ̄ = Φ , Ēi = Ei .

We propose that the same happens for the current and charge densities, but we will continue showing

them with a bar on top. We leave the details in Appendix A. The stress-energy components are also

written explicitly in the Appendix. We remind the reader that the quantities above are dependent on the

transformations derived in (3.35) and (3.36).

3.5 Coordinate Chart

To implement spherical symmetry in our code, we choose the standard spherical coordinates r , θ and φ,

following [36],

γi j = Diag(γr r , γθθr 2, γθθr 2 sin2 θ) (3.66)
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Due to the extra degree of freedom coming from χ we can impose γθθ =
√
γr r . For the background metric,

we choose the Minkowski metric,

γ̂i j = Diag(γ̂r r , γ̂θθr 2, γ̂θθr 2 sin2 θ) (3.67)

with γ̂r r = γ̂θθ = 1. From the definition of the trace free part of the extrinsic curvature (3.26), together with

the imposition of spherical symmetry, we can reduce the degrees of freedom of Ai j to 1, Ar r . We also get

that,

Ai j = Ar r · Diag
(
1,− r

2γθθ
2γr r

,− r
2γθθ sin2 θ

2γr r

)
(3.68)

and,

∆Γi =
(

2
γθθ r

− 2
γr r r

+ γ′r r
2γ2r r

− γ′
θθ

γr r γθθ
, 0, 0

)T
. (3.69)

The line element also becomes,

d s̄2 = −(α2 − χ−1γr r (β r )2)d t 2 + χ−1 (2γr r β r d t dr + γr r dr 2 + γθθr 2dσ2). (3.70)

Having a coordinate system, we can get the radial equations of motion. The reader can consult them in

Appendix A.4.

3.6 Shift and Lapse Gauge Conditions
In addition to the equations of motion, we have to give evolution equations for the lapse and the shift

(gauge conditions). These conditions are crucial for having stable simulations in numerical relativity.

For the specificities of free evolution in hyperboloidal slices, the proposed conditions in [45] give stable

long-running simulations. Therefore, we will use those to complete our PDE system:

∂tα = β rα ′ − β̂ r α̂ ′ − (ncK + α2)∆K̃
Ω

+ Ω′

Ω
(β̂ r α̂ − β rα) + ξcK (α̂ − α)

Ω

∂tβ
r = β r β r ′ +

(
λ (r 2I − r 2) + 3

4
α2χ

)
Λr + η (β̂ r − β r ) + ξβ r

(
β̂ r

Ω
− β

r

Ω

)
,

(3.71)

where rI is the location of I + in our grid and ′ denotes the partial derivative with respect to r, ∂r . This

is reminiscent of the 1+log condition used for the lapse and the generalized Gamma driver for the shift.

There are only some extra source terms, and the coefficients in front of K and Λr have been modified.

The source functions in the 1+log condition are here constructed from a 4D time-independent reference

metric, which corresponds to the hatted quantities. These source functions are such that if ∂tα = 0, a

solution for Minkowski spacetime is α = α̂ , β r = β̂ r and ∆K̃ = 0. Their expressions are described better in

the following section. The reader will note that there are some parameters: ncK , λ, ξcK , η, ξβ r , which are to

be chosen empirically, as the system to be evolved requires, in Chapter 6.
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Chapter 4

Initial Data and Further Properties of

the Setup

In this section, we provide initial data on a hyperboloidal slice as initially given on a Cauchy one. Further,

we will discuss some necessary spacetime properties for the analysis during section 6.

4.1 Initial Data

Following [10], we first start with the generic line element given by,

d s̃2 = −A(r̃ )d t̃ 2 + 1

A(r̃ ) d r̃
2 + r̃ 2d σ̃2. (4.1)

When we introduce the height function (2.19), t = t̃ − h (r̃ ), our line element becomes,

d s̃2 = −A(r̃ )d t 2 − 2A(r̃ )h′ (r̃ )d t d r̃ + [1 − (A(r̃ )h′ (r̃ ))2]
A(r̃ ) d r̃ 2 + r̃ 2dσ2 (4.2)

We now do a coordinate transformation through a compactifying factor called Ω̄. This allows us to define

the compactified radial coordinate:

r̃ =
r

Ω̄(r )
.

It will be particularly useful when deriving trumpet initial data. With this change, the line element becomes,

d s̃2 = −Adt 2 − 2Ah′
Ω̄ − r Ω̄
Ω̄2

d t dr + [1 − (Ah′)2]
A

(Ω̄ − r Ω̄)2

Ω̄4
dr 2 + r 2

Ω̄2
dσ2 (4.3)

Now that we are in hyperboloidal slices, we can proceed to the conformal rescaling of the whole metric by

Ω, d s̄2 = Ω2d s̃2, which gets us to,

d s̄2 = Ω2 [−Adt 2 − 2Ah′
Ω̄ − r Ω̄
Ω̄2

d t dr + [1 − (Ah′)2]
A

(Ω̄ − r Ω̄)2

Ω̄4
dr 2 + r 2

Ω̄2
dσ2]

= −AΩ2d t 2 + Ω2

Ω̄2

[
−2Ah′ (Ω̄ − r Ω̄)d t dr + [1 − (Ah′)2]

A

(Ω̄ − r Ω̄)2

Ω̄2
dr 2 + r 2dσ2

] (4.4)
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Chapter 4: Initial Data and Further Properties of the Setup 4.1 Initial Data

Looking back at (3.70), if we are to match both expressions, we get that the initial data for these variables

must be,

α0 = Ω

√
A

1 − (Ah′)2
, χ0 =

Ω̄2

Ω2
, β r0 = − A2Ω̄2h′

[1 − (Ah′)2] [Ω̄ − r Ω̄′]

γr r 0 =
[1 − (Ah′)2]

A

(Ω̄ − r Ω̄′)2

Ω̄2
, γθθ0 = 1 (4.5)

For the Z4 variables, Θ0 = 0 and Zr 0 = 0. We choose the background variables to be equal to the initial

conditions of both metric components, γ̂r r = γr r 0 and γ̂θθ = γθθ0. This enforces ∆Γr0 = 0, which implies

Λr0 = 0. We are just left with indicating explicitly the values of Ω, Ω̄, and h. Let us first look at the height

function.

4.1.1 Height Function

Here is where we will construct Constant Mean Curvature (CMC) slices [46]. Given that CMC slices are

contracting/expanding at the same rate in all points of spacetime, this is suited for spherically symmetric

codes. It has also been shown that for spherically symmetric black hole simulations, it results in stable

numerical runs [10]. In [47], the authors compare the use of CMC slices vs. other formulations. Regarding

the construction of these slices [48], we start with writing the trace of the extrinsic curvature as (check

(3.10)),
˜̄K = − 1

√
−g̃

∂a (
√
−g̃ ña ) . (4.6)

CMC slices mean ˜̄K = KCMC. We now need to rewrite the RHS of the equation. For the metric, using

(4.3), we have

g̃µν =

©­­­­­­­«

−A(r̃ ) −A(r̃ )h′ (r̃ ) 0 0

−A(r̃ )h′ (r̃ ) 1−(−A (r̃ )h′ (r̃ ) )2
A (r̃ ) 0 0

0 0 r̃ 2 0

0 0 0 r̃ 2 sin2 θ

ª®®®®®®®¬
. (4.7)

which means that g̃ = −r̃ 4 sin2 θ. For the normal vector, using (3.4), we just pass the expression to

spherical coordinates:

ñµ =
1

α
(1,−β̃ r , 0, 0)T =

©­«
√

1 − (A(r̃ )h′ (r̃ ))2
A(r̃ ) ,

A3/2 (r̃ )h′ (r̃ )√
1 − (A(r̃ )h′ (r̃ ))2

, 0, 0
ª®¬
T

. (4.8)

Thus, (4.6) becomes,

KCMC = − 1

r 2
∂r

[
r 2

A3/2 (r̃ )h′ (r̃ )√
1 − (A(r̃ )h′ (r̃ ))2

]
. (4.9)

Integrating with respect to r and admiting the constant of integration to be named CCMC, we get an

expression for h′,

h′ (r̃ ) = − 1

A(r̃ )
√
A(r̃ ) +

(
KCMC r̃

3 + CCMC
r̃ 2

)2 (
KCMCr̃

3
+ CCMC

r̃ 2

)
. (4.10)
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If we now set this expression in (4.5), the initial data expressions turn into,

α0 = Ω

√
A

(
r

Ω̄

)
+

(
KCMCr

3Ω̄
+ CCMCΩ̄2

r 2

)2
, γr r 0 =

(Ω̄ − r Ω̄′)2[
A

(
r
Ω̄

)
+

(
KCMCr
3Ω̄

+ CCMCΩ̄2

r 2

)2]
Ω̄2

,

β r0 =
Ω̄2

(
KCMCr
3Ω̄

+ CCMCΩ̄
2

r 2

) √
A

(
r
Ω̄

)
+

(
KCMCr
3Ω̄

+ CCMCΩ̄2

r 2

)2
(Ω̄ − r Ω̄′)

, χ0 =
Ω̄2

Ω2
(4.11)

4.1.2 Compactification

The new conformal factor Ω̄ should be smooth, positive, and asymptotically behave as Ω. One option is

to impose a conformally flat metric, i.e., γr r 0 = 1:

γr r 0 =
[1 − (Ah′)2]

A

(Ω̄ − r Ω̄′)2

Ω̄2
= 1 . (4.12)

This simplifies the rest of the expressions in (4.11). We now specify the initial data for the different

scenarios to be studied.

4.1.3 Regular Initial Data

In flat spacetime, A = 1. We additionally assume CCMC = 0. This allows (4.10) to have an analytic solution,

h′ (r̃ ) = −KCMCr̃

3

1√
1 +

(
KCMC r̃

3

)2 → h (r̃ ) =

√
r̃ 2 +

(
3

KCMC

)2
+ C , (4.13)

where we are free to choose C = 0 without loss of generality and we assume KCMC < 0. This choice will

give us slices that intersect I +. If KCMC > 0, then the height function, with an opposite sign as well, would

lead the slices to I −. The condition that we imposed before (4.12), which assumes flat spacetime, also

allows us to get an analytic expression for Ω̄,

Ω̄ = −KCMC
rI 2 − r 2
6rI

, (4.14)

where recall that rI is the position of I in our slice. (4.14) is also a suitable expression for the conformal

factor Ω (and coincides with the compactification in Minkowski), so it will be used here and throughout the

rest of the work. (4.11) now becomes,

α0 =

√
Ω2 +

(
KCMCr

3

)2
, χ0 = 1, γr r 0 = 1, β r0 =

KCMCr

3
, γθθ0 = 1,

Ar r 0 = 0, K̄0 =
KCMC
Ω

+ Ω′

Ω

KCMCr√
Ω2 + ( KCMCr

3 )2
, Θ0 = Zr 0 = Λr 0 = 0. (4.15)
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4.1.4 Strong Field Initial Data
In this case, we cannot assume CCMC = 0 [10]. Technically, we can, but the slices that we would get

would end up in the singularity, which we want to avoid. The purpose of introducing Ω̄ is exactly to avoid

the singularity. This quantity is then introduced along with the isotropic radial coordinate r :

d l̃ 2 =
1

A(r̃ ) +
(
KCMC r̃

3 + CCMC
r̃ 2

) d r̃ 2 + r̃ 2dσ2 =
1

Ω̄2
(dr 2 + r 2dσ2), (4.16)

which leads us to,
1

A(r̃ ) +
(
KCMC r̃

3 + CCMC
r̃ 2

) d r̃ 2 = 1

Ω̄2
dr 2

Given that Ω̄2 = r 2/r̃ 2, we can simplify the expression and also integrate it to get the relation between r

and r̃ ,

±
∫

dr

r
=

∫
d r̃

r̃

√
A(r̃ ) +

(
KCMC r̃

3 + CCMC
r̃ 2

)2 .
For a Reissner-Nördstrom metric, A(r̃ ) = 1 − 2M

r̃ + Q 2

r̃ 2
, with M and Q being the mass and charge of the

black hole. To simplify the integral above, we can derive the value of CCMC that makes the expression

inside the square root have a double root [49, 50]. This is the procedure to get trumpet initial data. The

condition is true if the discriminant of the expression inside the square root is set to 0,

Discriminant
(
1

r̃ 2

[
K 2

CMCr̃
6

9
+ r̃ 4 + 2

(
KCMCCCMC

3
−M

)
r̃ 3 + Q 2r̃ 2 + C 2

CMC

])
= 0. (4.17)

The results for CCMC are derived numerically, although there are extreme cases which provide us with

analytic solutions (M = 1 or Q = M ). For a charged black hole, with M = 1 and Q = 0.8, i.e., we get that

CCMC = 1.6256[...]. There is also another solution (CCMC = −0.2902[...]), that goes into the white hole. In

[10], there is a condition for CCMC that gives horizon-penetrating slices,

CCMC > −1

3
KCMC (M +

√
M 2 − Q 2)3, (4.18)

that rules out the last solution. After having the value of CCMC, we integrate numerically Ω̄ using (4.16). It

will be just a matter of substituting everything in (4.11). The slices that the last subsections have given

are shown in Fig. 4.1.

Trumpet Initial Data - A Clearer Representation
The idea of trumpet initial data is to be able to give data on a complete slice that avoids the singularity,

while being horizon-penetrating. Looking back at (4.10), by substituting A(r̃ ) = 1 − 2M /r̃ , we get that the

derivative suddenly has a coordinate singularity at r̃ = 2M [51]. We leave a more detailed description

of how to integrate the height function in C.3 or we refer you to [52]. There is a limit on how close we

can get to the actual black hole’s singularity, nonetheless, that corresponds to r̃ = R0 < 2M (shown more

explicitly in [53]). One could also have slices for r̃ < R0, but they would be trapped inside this surface.
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Plotting the trumpet initial data, in hyperboloidal slices, one gets Fig. 4.1. In the figure, we filled with grey

the area 0 < r̃ < R0, that is, the region these slices never reach.

To better understand the full effects of using trumpet initial data, we should go into the maximal

analytical extension of the Schwarzschild spacetime [54, 55]. This can be done by plotting with the

negative domain of our Penrose diagram coordinates, giving the result shown in Fig. 4.2. By defining the

correspondent infinities in the rest of the solution, we see that hyperboloidal slices in trumpet initial data

(Fig. 4.1) connect the left-handed i+ to I + and, along r̃ = R0, it connects both i+’s.

r = 0

i0

i +

i

+
r = R0

r = R0
= const.

Figure 4.1: Hyperboloidal slices in trumpet initial data, in Schwarzschild spacetime. The grey area
represents the part of the spacetime that the slices cannot reach.

r = 0

r = 0

i0

i +

i

i +

i

++

Figure 4.2: Maximal analytical extension of Schwarzschild spacetime. The dashed lines correspond
to the extension of the original Schwarzschild solution.
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4.2 Hyperbolicity and Well-Posedness
The Einstein-Klein-Gordon system of equations has already been studied in hyperboloidal slices, and

successful numerical simulations have been performed with it in [10]. We will also require this for the

new Einstein-KG-Maxwell system. The methods described henceforth follow [10, 56, 57]. In our PDEs,

we have derivatives that are second order in space. Fortunately, our equations are linear with respect to

the derivatives, not needing any approximation to look at the principal part of the equations to study the

overall hyperbolicity of the system. What we mean by hyperbolicity will be made clear in a moment. Let us

say our system can be written as a function of the vector u, where u has in each entry one of the variables

we are evolving. Therefore, by defining a linear operator P , we can say our system breaks down to,

∂tu = Pu . (4.19)

It will be useful to say that u can be written as u = {u,v }, where v corresponds to the variables that are

only derived once in space and u to the variables derived twice. This allows us to write the operator as,

P =
©­«

Ai ∂i + B C

D i j ∂i ∂j + E i ∂i + F G i ∂i + J
ª®¬ . (4.20)

Doing a Fourier transformation on the system (using ωi = ωn i and M n = M i n i ), we get that P changes to

its corresponding Fourier counterpart, P̂ ,

P̂ =
©­«

i ωAn + B C

ω2D nn + i ωE n + F iωG n + J
ª®¬ . (4.21)

The principal part of the system corresponds to the higher-order derivatives in each of the four blocks.

However, before that, we do a pseudo-differential reduction, by defining a new variable, ŵ = i ωû , which

also adds the trivial constraint C = ŵ − i ωû . This implies the change of û to ûR = {û, v̂ , ŵ }, to accommodate

the first order in space derived variables, in Fourier space. This makes the P̂ matrix become,

P̂R =

©­­­­«
B An C

0 i ωAn + B iωC

F iωD nn + E n i ωG n + J

ª®®®®¬
. (4.22)

Thus, the corresponding matrix to the principal part, called the principal symbol, can be written as,

P̂ ′
R =

©­­­­«
0 0 0

0 i ωAn i ωC

0 i ωD nn i ωG n

ª®®®®¬
. (4.23)

With this said, it means that our system will have a solution of the type, ûR (t ) = e P̂
′
R t ûR (0), where ûR (0)

is the initial data for the system vector. If P̂ ′
R is diagonalizable and has (a complete set of) only real

eigenvalues, the solution just stated will be purely oscillatory and bounded by the initial data. This means

32



Chapter 4: Initial Data and Further Properties of the Setup 4.3 Misner-Sharp Mass and the Apparent Horizon finder

that the system is well posed and is strongly hyperbolic. Weak hyperbolicity would mean that the system

still has real eigenvalues, but the diagonalization of the matrix P̂ ′
R would be incomplete (i.e., not a complete

set of eigenvectors), giving a Jordan canonical form [58]. Another interesting fact about this analysis is

that the eigenvalues that one extracts from this procedure correspond to the characteristic speeds or

eigenspeeds, which are the speeds at which information travels in the system. A complete list of these

speeds is shown in [10] for several formulations of Einstein’s equations. We return to this in Section 6.5.

4.3 Misner-Sharp Mass and the Apparent Horizon finder
Although the concept of mass is hard to define in GR, in spherical symmetry, there is a way to do it. This

concept of (quasi-local) mass we are going to discuss now is called the Misner-Sharp Mass [59]. For

the case of the simplest black hole, Schwarzschild, it corresponds to the exact mass of the black hole.

The first thing we must take notice of is how to write the physical radial coordinate (also called the areal

radius), RA, as a function of our rescaled variables [10]. In the usual physical metric, we will have that:

d s̃2 = R 2
Ad σ̃

2 .

Comparing with (3.70), we get the expression:

RA =
r

Ω

√
γθθ
χ
. (4.24)

The definition of the Misner-Sharp mass MMS is then

g̃ µν (+̃µRA) (+̃νRA) = 1 − 2MMS
RA

, (4.25)

which can be rewritten directly in terms of the variables used in the equations shown in the previous

sections,

MMS =
r

2Ω

(γθθ
χ

)1/2 (
1 − γθθ

γr r
+ r 2 ¤χ2γθθ

4
(
α
)2 (
χ
)3 − r 2 ¤χ ¤γθθ

2
(
α
)2 (
χ
)2 + r ¤χγθθβ r(

α
)2 (
χ
)2 + r 2 ¤γθθ2

4γθθ
(
α
)2
χ
− r ¤γθθβ r(

α
)2
χ

+
γθθ

(
β r

)2(
α
)2
χ

−
r γ′θθ
γr r

+
r 2 ¤χβ r γ′θθ
2
(
α
)2 (
χ
)2 −

r 2 ¤γθθβ r γ′θθ
2γθθ

(
α
)2
χ

+
r
(
β r

)2
γ′θθ(

α
)2
χ

−
r 2

(
γ′θθ

)2
4γr r γθθ

+
r 2

(
β r

)2 (
γ′θθ

)2
4γθθ

(
α
)2
χ

− r
2 ¤χγθθβ rχ ′

2
(
α
)2 (
χ
)3

+ r
2 ¤γθθβ rχ ′

2
(
α
)2 (
χ
)2 −

r γθθ
(
β r

)2
χ ′(

α
)2 (
χ
)2 + r γθθχ

′

γr rχ
−
r 2

(
β r

)2
γ′θθχ

′

2
(
α
)2 (
χ
)2 +

r 2γ′θθχ
′

2γr rχ
+
r 2γθθ

(
β r

)2 (
χ ′)2

4
(
α
)2 (
χ
)3 −

r 2γθθ
(
χ ′)2

4γr r
(
χ
)2

+ 2r γθθΩ
′

γr rΩ
− r

2 ¤χγθθβ rΩ′(
α
)2 (
χ
)2
Ω

+ r
2 ¤γθθβ rΩ′(
α
)2
χΩ

−
2r γθθ

(
β r

)2
Ω′(

α
)2
χΩ

+
r 2γ′θθΩ

′

γr rΩ
−
r 2

(
β r

)2
γ′θθΩ

′(
α
)2
χΩ

+
r 2γθθ

(
β r

)2
χ ′Ω′(

α
)2 (
χ
)2
Ω

− r
2γθθχ

′Ω′

γr rχΩ
−
r 2γθθ

(
Ω′)2

γr r
(
Ω

)2 +
r 2γθθ

(
β r

)2 (
Ω′)2(

α
)2
χ
(
Ω

)2 )
.

This mass coincides with the Bondi mass at null infinity, which will be useful for us. It also coincides with

the ADM mass at spacelike infinity. In the cases we have a scalar field perturbation energetic enough

to collapse into a black hole, it is important to have something that gives us an indication regarding the
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formation of a black hole. The act of finding an event horizon can only be done after the simulation has

ran. One can, however, use the apparent horizon finder. The apparent horizon is defined as the outermost

marginally trapped surface, whose null geodesics have zero expansion and is located inside the event

horizon, assuming that cosmic censorship holds. In spherical symmetry, it can be calculated in a very

simple way, i.e., when the following expression equals zero:

1 − 2MMS
RA

= Ω2ḡ µν (+̄µRA) (+̄νRA) = 0 . (4.26)

4.4 Quasi-Normal Modes and Power-law decay tails

As the last relevant topic for further discussion in the results, we focus now on quasi-normal modes (QNM)

and power-law decay tails. One of the advantages of the hyperboloidal formulation is the ease with which

one can show the ringing of QNM at scri+, [60]. Now, what are these modes? They describe how a

perturbation of a scalar field in Schwarzschild (or other spacetimes) can lead to oscillating modes at

timelike and future null infinities. The main idea is that the Klein-Gordon equation in one dimension has

an extra term coming from the spheroidal decomposition of its solutions. The same happens, for example,

when finding solutions to Schrördinger’s equation. The asymptotic behaviour of the scalar field was first

studied by Richard Price in his famous paper [61]. He also found out that after these modes stop being

excited, it is expected that the scalar field decays with a power-law, i.e.,

lim
t→+∞

φ (t , r ) ∝ t p .

In our case, one expects the same for the real and the imaginary parts. The key aspect is that, along

timelike surfaces, the p in the equation can be analytically derived to be -3, while along null surfaces, it is

-2. This is only true for l = 0 poles. In our case, hyperboloidal slices, these asymptotically become null

surfaces, so we can see this decay. For the case of a charged scalar field in a charged background, we

refer to [16, 18, 62, 17], but we will discuss them in more detail during the results. With this, we finish off

the necessary setup for the results and can proceed to the implementation.
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Implementation and Results
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Chapter 5

Numerical Methods

5.1 Spatial Discretization
First, we discretize space (we choose x instead of r for better readability). To avoid the origin (x = 0) and

scri+ (x = 1), we will be using a shifted/staggered grid:

xi =

(
1

2
+ i

)
∆x .

For the spatial derivatives, we use 4th-order finite differences (FD). Spectral discretization was also

considered, but in this framework, local instabilities will propagate faster, which is not ideal for the

development stage of the work we are performing.

5.2 Boundary Conditions
Because we are using a staggered grid, it is simpler to impose the boundary conditions through extrap-

olation at the ghost points of the grid. Ghost points are an extension of the grid we are using for our

simulation, and they increase the higher convergence order we use. In 4th order FD, we have two ghost

points at each edge of our grid, the origin and I +. Given the completely different nature of both of these

places, we have to deal with them separately. Let us first look at the origin.

Boundary conditions at the origin

Following [10], we set the boundary conditions at the origin using the parity properties of each variable. In

spherical symmetry, scalars are even, while vector components can have odd or even parity. Tensors, on

the other hand, depend on the lower-order tensors one uses to construct them. This can be stated more

clearly as follows,

Even Parity: A(−r ) = A(r ) , Odd Parity: B (−r ) = −B (r ) .

For the variables of our model, we have the following boundary conditions at the origin [10]:

Even Parity: χ , γr r , γθθ,Ar r ,K ,Θ, α , cφ, dφ, cΠ, dΠ,Φ,Ψ Odd Parity: Λr , β r , E r ,Ar3
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Boundary Conditions at I +

At I +, causality demands purely outgoing waves only. This comes from the fact that scri+ can only be

reached through light rays. If there were any ingoing radiation, we would be getting information from the

future. This outflow condition is then imposed through the ghost points [63], and the expressions for a

generic variable A are given in [64]. They read:

∆x 5D 5
−AN+1 = 0

∆x 5D 5
−AN+2 = 0

(5.1)

where AN+1 and AN+2 are the two ghost points, and D+ is the backward finite difference operator, defined

as,

D−An =
An − An−1

∆x
.

We note that not all variables have to satisfy the above condition. The condition has to be imposed for the

variables that appear derived twice in space in the evolution equations, to get 4th-order convergence.

However, for a variable only once derived in space, the following conditions are enough to preserve 4th

order convergence: ∆x 4D 4
−AN+1 = 0, ∆x 4D 4

−AN+2 = 0. In the code, however, condition (5.1) is used for all

variables.

Boundary conditions at the origin

In the simulations where we have a black hole, the boundary conditions at the origin change. Given that

we are using trumpet initial data, our origin corresponds to a puncture inside the black hole. The boundary

conditions we use are then similar to the previous section, but assuming an inflow of information, instead

of outflow. This is then equivalent to:

∆x 5D 5
+A−1 = 0

∆x 5D 5
+A−2 = 0 ,

analogous to the previous subsection.

5.3 Method of Lines and Time Integration
The Method of Lines is a very common method to transform a partial differential equation into N ordinary

differential equations (ODE), by discretizing first in space. In practice, it consists of having a system of

equations whose LHSs are ∂tA, with A being a generic variable, corresponding to a given expression on

the respective RHS. We then discretize them in time, similar to what we did for space:

t i+1 = t i + ∆t .

In order to integrate in time, we use a 4th-order Runge-Kutta scheme. This way, the overall expected

convergence order of our code is 4th order. Some things have still to be taken into account, however. One
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of them is numerical dissipation.

5.4 Kreiss-Oliger Dissipation
We will follow [65, 66], where Kreiss-Oliger dissipation is added via the last term in,

∂tu → ∂tu + Qu (5.2)

where Q is a derivative operator of order 2r , given by

Q = σ (−1)r (∆x )2r −1 (D+)+ρ (D−)r /22r . (5.3)

Here, σ represents the dissipation’s strength, ρ is a weighting function. Inside the grid, ρ = 1, and outside

the grid ρ = 0. This operator should be used for a 2r − 2 accurate scheme. In our case, we are aiming at

a 4th-order accurate scheme. Thus, we need to have r = 3:

Q = −σ (∆x )5 (D+)3 (D−)3/64.

It is useful to provide stable numerical evolution and is commonly used in the NR community.

5.5 Convergence Tests
To ensure that the system is evolving initial data that asymptotically goes to a physical result and we have

stable simulations, we have to fulfill the Courant-Friedrich-Lewy (CFL) condition. It preserves correct

information propagation and will be useful for convergence tests.

CFL condition
In a one-dimensional code, the CFL condition can be stated as,

C = u
∆t

∆x
≤ Cmax , (5.4)

where C is the Courant number and Cmax is the maximum value C can attain for the code to remain

stable. u is the magnitude of the velocity of a given wave in our PDE system. What this condition tells

us is that if we decrease the spatial step, the time step has to go down accordingly. If not, the speed at

which information propagates in our system can be bigger than what our discretization allows, and this

will produce numerical instabilities. For the system modelled, we found roughly Cmax ≈ 0.2.

Pointwise Convergence
Following [67], we first consider a given method of convergence order p with a grid spacing h. We can

relate the numerical solution that our code will produce to the exact solution as follows,

uh = uexact + ϵhp ,
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where ϵ is an error function independent of h. If we now increase our step by f , this implies in the above

equation that hp → (f h)p . If we do three runs each with different grid spacing, uh , uf h , and uf 2h , we can

also calculate the following ratio:

uf 2h − uf h
uf h − uh

=
(uexact + ϵf 2php ) − (uexact + ϵf php )
(uexact + ϵf php ) − (uexact + ϵhp )

= f p (5.5)

we get a result independent of any grid spacing. Further in the work, it will be usual to use f = 3 and

p = 4, which provides f p = 81. For the case of variables that have values very close to zero, checking

convergence is trickier. This is the case for the constraints, because they vanish at the continuum level.

For their case, then, we will opt for showing the 3 different resolutions and scale them accordingly.

5.6 Code
Given that the code developed is new, we will give a very brief description of how it works. The code is

written in Mathematica, Python, and C++. In Mathematica, we used the package xAct [68] to systematize

the derivation of the evolution equations and respective constraints (including the equations shown in

previous sections). These are then copied to the C++ code, which evolves the evolution equations and

is adapted to several scenarios. After the output is read with Python, using its graphic capabilities that

are more versatile than C++. We expect to make the code public as soon as the implementation is more

robust. The output of the code is given in code units and therefore we will refrain from showing units in

the graphs, in Section 6.
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Results

6.1 Real Part of Scalar Field in Vacuum Spacetime
Here we will reproduce, with the new code, a result already shown in [10]. We remove the electromagnetic

coupling and focus on the real part of the scalar field. The first step is solving the constraints. To tackle

this, we carefully choose c̄Π, by looking at the momentum constraint (A.46). It is satisfied if

c̄Π = β r c̄′φ + β r c̄φ
Ω′

Ω
. (6.1)

Inserting this condition into the Hamiltonian constraint (A.45), we solve the Hamiltonian constraint for χ :

H = − 8

9
πr 2c̄2φχ + 24(1 − r 2χ)

(1 − r 2)2
+ 8

9
πr (1 − r 2)c̄φχc̄′φ − 2

9
π (1 − r 2)2χ (c̄′φ)

2

+ 4χ ′

r
− 5(χ ′)2

2χ
+ 6(−4χ + 2rχ ′/3)

1 − r 2
+ 2χ ′′ (6.2)

The Z-constraint is automatically satisfied, completing the setup. For c̄φ , we choose it to be equal to

a Gaussian-type distribution that goes to 0 fast enough at the origin and at I + (enforcing numerical

compact support),

c̄φ = Ar 2 exp
(
− (r 2 − µ2)2

4σ4

)
, (6.3)

and then solve the above ODE with respect to χ . This ODE, however, is lacking initial boundary conditions:

at r = rI , the solution should be flat, which means χ = 1 there. The other condition is given at r = 0: the

derivative of χ there must be 0, due to the parity conditions. With this input, we had to develop an adapted

shooting method, because the solutions (or local minima) of (6.2) are between volatile points that quickly

blow up numerically. The results for the initial data for c̄φ and χ are shown in Fig. 6.1.

When we insert the initial data in Fig. 6.1, together with (4.5), we can then input everything in the code

and see the system running. The results are shown in Fig. 6.2. We do not to show all of the variables

being evolved because, otherwise, there would be too much information to be read from a single graphic.

We also opted for showing separately the evolution for c̄φ and χ , given that χ has very subtle variations

that can not be seen when compared to the scalar field’s perturbation.

A similar procedure can be performed for the imaginary part of the scalar field, with the result being
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(a) Profile of c̄φ (6.3), with A = 1, µ = 0.4 and σ = 0.2.
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Figure 6.1: Initial data for c̄φ and χ , on a regular spacetime.

equivalent. The initial conditions would only have to pass from the real part to the imaginary part, i.e., we

would give a Gaussian perturbation to d̄φ and require,

d̄Π = β r d̄ ′φ + β r d̄φ
Ω′

Ω

and then solve the Hamiltonian constraint for χ . Another possibility is to perturb both parts. This procedure,

however, will imply an initial charge density, which will activate the coupling to Maxwell. If we were, however,

to say that the scalar field’s charge is 0, then we would not have this problem. Although we have all these

possibilities, these are analogous to what we have in Fig. 6.2.

Going back to (5.5), we can show that the code is giving correct results if we recover the appropriate

convergence order. In our case, given that we have a staggered grid, we cannot increase or decrease the

resolution by even powers; otherwise, one of the runs will be evaluated at 0 (check Fig. 6.3 in [10]). If,

on the other hand, we want the several runs to be evaluated at common points to all of them, we have

to change the resolution by even powers. For example, increasing the grid precision by a factor of 3,

together with a 4th order overall code (RK4 in time, 4th order FD in space), we expect a 34 = 81 times

more refined simulation. The time step has also to decrease by the same factor of 3, to keep the CFL

condition constant. We still have to take into account that if we have too much resolution, the differences

we will be seeing are just a product of machine precision. Thus, we chose a combination of resolutions

that better shows the convergence: 720 points for the highest resolution, 480 points for the medium

resolution, and 320 points for the lowest resolution (and the simulation in Fig. 6.2 used 320 points). The

constraints’ convergence is plotted in Fig. 6.3. One of the things we immediately see in the initial data for

the Hamiltonian pointwise convergence plots is some imperfections at r = rI . These are caused by our

shooting method, but these imperfections go away with time. Overall, the behavior of these pointwise

convergence plots shows that the system is consistent, and we can be sure that we can trust our results.

Regarding the parameters used in this simulation, we have chosen similar ones to [10]. This implies:

k1 = 1.5, k2 = 0.1, σKO = 0.01. This simulation could also be run without Kreiss-Oliger dissipation

successfully. For the gauge conditions, we used η = 0.1, ξcK = 1.0, ncK = 1.0, λ = 0.75 and ξβ r = 0.0.
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Figure 6.2: c̄φ , c̄Π, β r , α , χ and γr r evolving until the scalar field is radiated out through future null
infinity, at rI = 1.
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Figure 6.3: Pointwise constraint convergence. The "Low Resolution" lines are downscaled by
the factor 1.54 and the "Medium Resolution" lines by 1.54, according to the convergence scheme
chosen.

6.2 Four-Potential in Vacuum Spacetime
In regular spherically symmetric spacetime, there are no special configurations we could test besides the

point charge at r = 0. (Interesting electrovacuum solutions can be found in axisymmetric models [69].

These are called geons, and they represent an unstable equilibrium between Maxwell’s and Einstein’s

equations.) In electrovacuum, in spherical symmetry, there are only two types of solutions for the electric

field, given the Gauss constraint: either a charge at r = 0 or no electric field. The last one is obvious;

there is no charge density to create an electric field, and the trivial solution is setting the electric field to 0.
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The other solution, of a charge at r = 0, we can get by looking back at the Gauss constraint,

2Eχ

γr r r
+ χE

′

γr r
− Eχ ′

2γr r
− Eχγ

′
r r

(γ2r r )
= 0 ,

and substituting γr r by 1 we can integrate it to get the solution,

E =

√
χQ

r 2
, (6.4)

which is the usual expression for the electric field in a curved spacetime [70, 71]. The constant Q appears

during the integration, the physical relevance of which is given a posteriori. We will return to this afterward.

Another option we can test for the electromagnetic part of our simulation is to look at the two components

of the four-potential. They are physically irrelevant, so we should be able to evolve them freely without

affecting the rest of the variables. Assuming Φ , 0 and A3r , 0, if we were to use the alternative derivation

of our equations as shown in Appendix B, we would get that our constraints would be satisfied if,

Φ = δΦ , A3r = −1 + r 2
2r

δΦ

where the perturbation in Φ could be any.
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Figure 6.4: Evolution of the electromagnetic potentials, Φ and A3r , until they leave through future
null infinity.

Note, however, that the constraints only depend on these two quantities when they are coupled to the
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scalar field. Thus, as one would expect, our system will not care about the values that Φ and A3r take, in

the specific case of electrovacuum. This is especially true since the electric field’s evolution equation is not

directly coupled to the potentials, and it will not be evolved if it is set initially to 0. Thus, from the equations,

we expect that the electromagnetic potentials, if they are excited initially, will not change the overall system.

That is exactly what the simulation provides. We use the initial perturbation for Φ similar to the one for c̄φ
in the previous section. This type of perturbation makes A3r go to 0 at the origin as well, something we

require for vectorial quantities. The results for this are shown above in Fig. 6.4. The constraints do not

see this behaviour, and they remain close to machine precision, as expected. Regarding the electric field,

this will be discussed in greater detail in the following sections.

6.3 Charged Scalar Field in Regular Initial Data
Having checked the coupled behaviour of the KG equation and the four-potential in the code independently,

we can now turn on the coupling between them. In the broader picture of the hyperboloidal formulation,

this is something that has never been done before. First, we continue to do a perturbation on the real part

of the scalar field. However, now that we have the electromagnetic part on, at some point in the simulation,

we will excite the imaginary part of the scalar field. Having both the real and imaginary parts of the scalar

field with non-zero values, there will be a nonzero charge and current densities that should excite the

electric field. With this, all of the variables of our system should come into play, and we can now check

the Gauss constraint convergence as well, as an additional consistency test of our code. Fortunately, the

momentum constraint does not depend on any of the electromagnetic coupling (related to the vanishing

trace of it), and thus the initial condition for it to be solved continues to be the same as before.

By setting Φ = Er = 0, initially, the Hamiltonian constraint appears with an extra term that comes from

the coupling between the scalar field and the vector potential. This means that we have the freedom to

choose any type of behavior for the vector potential. We will give it a similar bump as to the scalar field,

but with a different positioning in space and a different amplitude, so they remain distinguishable. The

Hamiltonian constraint thus becomes,

H = − 8
9πr

2 (c̄φ )2χ +
24

(
1 − r 2χ

)
(1 − r 2)2

+ 8
9πr (1 − r

2)c̄φχc̄′φ − 2
9π (1 − r

2)2χ
(
q2

(
A3r

)2 (
c̄φ

)2 + (
c̄′φ

)2)
+ 4χ ′

r
−
5
(
χ ′)2
2χ

+
6
(
−4χ + 2

3 rχ
′)

1 − r 2
+ 2χ ′′ .

We have chosen the charge of the complex scalar field to be q = −1. The greater it is, the stronger the

current and charge densities that source Maxwell’s equations, and therefore stronger the bond between

the real and imaginary parts. The initial profile of this part of the simulation is shown in Fig. 6.5.

To plot the evolution, we chose to show only the new dynamics: we leave the behavior of the real

part of the scalar field out to focus on its imaginary part and the electromagnetic fields. This is shown

in Fig. 6.7, together with the charge and current densities. The convergence of the Gauss constraint

is plotted in Fig. 6.6. From a quick inspection, we see that there are some noticeable problems near

the origin for the Gauss constraint. This shares some features with the momentum and Hamiltonian
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constraints convergence, and quickly goes away as soon as the fields are reflected at the origin. Looking

back at the overall behavior of the system (Fig. 6.7), we see an expected behavior, the imaginary part

is excited, the charge and current densities arise, and the electric field comes into play as well. With

this, we finish the overall tests of the system in regular spacetime, and we can pass on to Schwarzschild

spacetime, which will involve an extra step.
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Figure 6.5: Initial profiles for c̄φ and A3r . Note the different scales. We opted for a smaller
perturbation in the vector potential and centered it more to the left.
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Figure 6.6: Gauss constraint convergence for an initial perturbation of the real scalar field and the
radial component of the four-potential.

6.4 Real Part of Scalar Field in Schwarzschild Spacetime

To have the scalar field in a Schwarzschild spacetime, i.e., with a stationary black hole at r = 0, we

will now consider trumpet initial data that goes through the event horizon (check Fig. 4.1). The initial

conditions for all the variables are described in (4.11), but the one that will give us Ω̄ is (4.12), which we

can rewrite to get the following ODE,

Ω̄′ =
Ω̄

r
−

√
9C 2

CMCΩ̄
2 + 9Q 2Ω̄4r 2 + 6(CCMCKCMC − 3M )Ω̄3r 3 + 9Ω̄2r 4 + K 2

CMCr
6

3r 3
.

46



Chapter 6: Results 6.4 Real Part of Scalar Field in Schwarzschild Spacetime

0.0 0.2 0.4 0.6 0.8 1.0
r

3

2

1

0

1

2

3

Im
ag

in
ar

y 
Pa

rt 
of

 S
ca

la
r F

ie
ld

1e 6

Er

d

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

Electric Field

1e 7d  and Er at t = 0.0000

0.0 0.2 0.4 0.6 0.8 1.0
r

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00 1e 8 Charge and Current Densities at t = 0.000

qdens.
jr

0.0 0.2 0.4 0.6 0.8 1.0
r

3

2

1

0

1

2

3

Im
ag

in
ar

y 
Pa

rt 
of

 S
ca

la
r F

ie
ld

1e 6

Er

d

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

Electric Field

1e 7d  and Er at t = 2.2500

0.0 0.2 0.4 0.6 0.8 1.0
r

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00 1e 8 Charge and Current Densities at t = 2.250

qdens.
jr

0.0 0.2 0.4 0.6 0.8 1.0
r

3

2

1

0

1

2

3

Im
ag

in
ar

y 
Pa

rt 
of

 S
ca

la
r F

ie
ld

1e 6

Er

d

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

Electric Field

1e 7d  and Er at t = 4.9500

0.0 0.2 0.4 0.6 0.8 1.0
r

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00 1e 8 Charge and Current Densities at t = 4.950

qdens.
jr

0.0 0.2 0.4 0.6 0.8 1.0
r

3

2

1

0

1

2

3

Im
ag

in
ar

y 
Pa

rt 
of

 S
ca

la
r F

ie
ld

1e 6

Er

d

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

Electric Field

1e 7d  and Er at t = 5.4000

0.0 0.2 0.4 0.6 0.8 1.0
r

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00 1e 8 Charge and Current Densities at t = 5.400

qdens.
jr

Figure 6.7: d̄φ , Er , j̄r and q̄dens. evolving until the scalar field is radiated out through future null
infinity, at rI = 1.
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Numerically, this equation makes it difficult to obtain a solution different from the trivial one equal to 0. This

has to do with the fact that Ω̄ goes to 0 both at the origin and at future null infinity. We do the proposed

transformation for this factor in [10],

Ω̂ =
R0

r
Ω̄ − 1 .

This way, our ODE becomes,

Ω̂′ =
1

3R 2
0r

[
9C 2

CMC + 6CCMCKCMCR
3
0 + R

2
0 (9Q

2 − 18MR0 + 9R 2
0 + K

2
CMCR

4
0)

− 18(3C 2
CMC + CCMCKCMCR

3
0 + R

2
0 (2Q

2 − 3MR0 + R 2
0))Ω̂

+ 9(15C 2
CMC + 2CCMCKCMCR

3
0 + R

2
0 (6Q

2 − 6MR0 + R 2
0))Ω̂

2

− 6(30C 2
CMC + 6Q 2R 2

0 + CCMCKCMCR
3
0 − 3MR 3

0)Ω̂
3 + 9(15C 2

CMC + Q 2R 2
0)Ω̂

4

− 54C 2
CMCΩ̂

5 + 9C 2
CMCΩ̂

6
]1/2
. (6.5)

The reader will notice that there is no explicit dependence on r inside the square root.

About reproducing these results in future works

If someone wants to replicate what will be shown below, one has to recall that: we are using a staggered

grid, i.e., our grid starts at a half step from the origin and it also does not touch future null infinity, stopping

at half a step before. Given that we are evolving our system with Runge-Kutta 4, we are also evaluating at

each half-step between these grid points. Therefore, if one wants to use Ω̄, one has to change the grid to

a regular one, with double the amount of points, to have it evaluated at all steps: not only of the "main"

grid of the simulation but also the other intermediate steps of the rest of the system. This is remarkably

different from the time-evolution RK4 we have been using, because this Ω̄ is going to be used for the

shooting method to get a solution for χ . Furthermore, one also has to use very high precision. Since the

programming language of choice in this work is C++, the minimum precision possible to have convergence

is long double and very strict stopping conditions in the shooting method (we are talking of magnitudes

of around 10−19). Otherwise, all convergence tests will fail. However, long double is not standardized

across all platforms. To get good constraint convergence, one has to use external libraries of C++ to have

stricter tolerances in the shooting methods. In this case, we used the Boost.Multiprecision package, which

also overwrites the standard functions of C++, to have general flexibility with the other precisions of the

code. This allows the use of 128-bit floating-point precision points, which correspond to quad precision.

The recommended tolerance for the shooting methods that worked best for me, to have well-behaved

constraint convergence, was 10−21 − 10−25. The values for CCMC and R0 should be calculated with the

same or higher precision. Boost.Multiprecision allows precision until 10−32, and we therefore impose a

stopping condition for the shooting methods of these last two variables to be close to that value.

The result of the numerical integration (already transformed back to Ω̄) and a convergence test are

shown in Fig. 6.8. We opted for a L2 norm convergence plot, given that the behavior of the convergence of

Ω̄ is more clearly pictured this way. The quantity plotted is
√(∑N

i=1 (Ω̄LR − Ω̄MR )2
)
/
(∑N

i=1 (Ω̄MR − Ω̄HR )2
)
.

Note that Ω̄ has two distinct asymptotic behaviors: the clearest to understand is the one near future null
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Figure 6.8: On the left: Numerical integration of Ω̄, together with its asymptotic behaviours: close
to r /R0 near the origin and close to Ω near future null infinity. This was done using KCMC = −1,
M = 1, Q = 0, CCMC ≈ 3.115 and R0 ≈ 1.905. On the right: convergence test for Ω̄, showing 4th
order convergence, as expected.

infinity, where Ω̄ → Ω, because χ → 1 asymptotically. The other one, nearer the origin, shows up when

taking the limit r̃ → R0 (recall that r̃ 2 = r 2/Ω̄2).

To satisfy the constraints, as we did before with only the real part of the scalar field, we continue

having the same condition that c̄Π = β r c̄′φ + β r c̄φ Ω′

Ω . The Gauss constraint is automatically satisfied in this

scenario because there is no charge density and no electric field. We only need to solve for χ . We had

seen before that χ = Ω̄2/Ω2. In this scenario, we want a small perturbation of χ to get the Hamiltonian

constraint to be satisfied. Following the Conformal Transverse Traceless method [48], we solve the

momentum constraint by perturbing Ar r as well:

χ → χ0ψ
−4 =

Ω̄2

Ω2
ψ−4 Ar r → Ar r 0ψ

−6 = −2CCMCΩ̄
3

r 3Ω
ψ−6 . (6.6)

When inserting this, together with the rest of the initial data in (4.11), we get the following ODE to

solve,

ψ′′ = −
ψ′

√
9C 2

CMCΩ̄
6 + 6r 3Ω̄3 (CCMCKCMC − 3M ) + 9r 4Ω̄2 + K 2

CMCr
6

3r 3Ω̄
+
3C 2

CMCΩ̄
4
(
ψ8 − 1

)
4r 6ψ7

+
K 2

CMCψ
(
ψ4 − 1

)
12Ω̄2

−
πrψ

(
1
3KCMCr c̄φ + 1

6KCMC (−1 + r 2)c̄′φ
)2

+ψ′

r
. (6.7)

Note that this ψ has nothing to do with the one used in our version of Maxwell’s equations. This is just

a secondary variable that, as soon as its numerical solution is obtained, is reverted to χ . Solving this

equation with the shooting method, we get the profiles for ψ and χ as shown in Fig. 6.9. The change in χ

due to the scalar field perturbation seems almost indistinguishable when compared to the unperturbed χ ,

plotted in the red dashed line. The difference, although small, cannot be ignored for the constraints to be

solved. The full evolution is shown in Fig. 6.10.
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Figure 6.9: On the left: Numerical integration of ψ. On the right: Transformation of ψ into χ , in
black, against the no perturbation reference in red, dashed line.
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Figure 6.10: c̄φ and c̄Π evolving until part of the initial perturbation is radiated out through future
null infinity and the rest is absorbed into the black hole. The initial amplitude is 0.001, with σ = 0.1
and µ = 0.5. The Kreiss-Oliger dissipation parameter had to be tuned to enhance the simulations’
duration while keeping the interior of the BH well-behaved. σKO = 0.08 was used.

Only 200 points were necessary to have a stable run, and the Kreiss-Oliger dissipation was kept

at 0.08. Values bigger than 1.5 would make the simulation crash too early (before t = 1) and smaller

values would allow some high-frequency perturbations to show up inside the apparent horizon. Initially

the apparent horizon presents some small variations but it stabilizes at r ≈ 0.13 around t ≈ 2. The scalar
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Figure 6.11: Change in the Misner-Sharp mass in the presence of a scalar field perturbation. The
image on the left shows the initial state of the system, and on the right, the change coming from
the incoming part of the initial perturbation.

field’s perturbation does not seem to have a noticeable effect on the apparent horizon position. In terms

of the Misner-Sharp mass, we see that most of the contents of our initial perturbation are radiated away,

in Fig. 6.11, with a left-over ingoing part. The reader will notice some numerical errors nearer the origin,

for the Misner-Sharp mass calculation, but these all happen inside the apparent horizon. Also it is worth

noting that since we are perturbing the compactified scalar field, it is not exactly time symmetric and so

most of the radiation is outgoing. That is why, on the right of Fig. 6.11, we only see a small fraction of the

initial perturbation going in the black hole.

The constraint convergence is plotted in Fig. 6.12. The behavior obtained for the constraints resembles

the one already shown in [10], although we are using a rescaling factor of 3 for each resolution, instead

of only 1.5. The procedure has the advantage of not needing interpolation to compare the same points

throughout the different resolutions, but there is another issue. The same Kreiss-Oliger dissipation for the

different resolutions sometimes is not enough to dampen the high-frequencies that show up inside the

apparent horizon or at I +. Therefore, we used a Kreiss-Oliger dissipation of σKO = 0.08, as used in the

regular data scalar field evolution in regular spacetimes, but also added a linearly increasing dissipation,

with the same magnitude. Overall, σ = 0.08(1 + r ). We should emphasize that the computational cost

of these simulations is quite high. Access to a cluster or better computation power than the average

computer is highly recommended if one wants to check late-time convergence. Using long double makes

a noticeable difference in how the constraints look, but the computational cost due to this is even higher.

Also, the initial data was calculated in quad precision, otherwise, no initial convergence is obtained.

For the constraint convergence tests, again 1080 were used for the highest resolution, 360 for medium

and 120 for the lowest one. Compared to the regular initial data, we now see that 120 points is not

enough to get a similar behaviour to the other resolutions - see the dashed dark line in Fig. 6.12. To

show that the code is converging, we did another run, with 270 points, which is 1080/4. Rescaling by 44,

we should get comparable points and be able to see that the purple line is already closer to the highest

resolution. Something worth commenting on as well is the apparent deviation from zero near the origin as

time progresses. However, the highest and the medium resolutions agree, which means that we have

convergence even there. The only region where convergence is lost is very near the origin, but this region
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is already inside the apparent horizon. These again confirm what was seen in [10].
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Figure 6.12: Convergence of the Hamiltonian, Momentum, and Z constraints, with a perturbation
of the scalar field of Schwarzschild spacetime.

How Ω̄ behaves as a function of M , Q and KCMC

It is relevant for future work showing how Ω̄ changes according to its’ free parameters: M , Q and KCMC.

Although KCMC will remain −1 throughout the rest of the results and has a very noticeable effect on the

convergence tests (the higher its absolute value, the higher the precision necessary for the code to

converge), we nonetheless show the effect it has on Ω̄ in Fig. 6.13.
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Figure 6.13: Variation of Ω̄ according to different values of KCMC. M is set to 1 and Q to 0.
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variation of the same parameters with respect to the charge-to-mass ratio Q/M . M has been set
to 1 and Q is changing.
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We have left the solid line in the figure, such that it corresponds to the one plotted in Fig. 6.8. Higher

absolute values of KCMC revealed themselves very hard to solve for numerically, and thus we kept them

out of the plot. To see the effect of the mass M in this compactification factor, we can go even further

and study how CCMC and R0 change with it. Adding the charge of the black hole is relevant as well, more

specifically in the charge-to-mass ratio. The effect of the mass alone and the effect of the charge-to-mass

ratio are plotted in Fig. 6.14. Interpreting the results, one sees that the higher the mass, the higher CCMC

and R0 are, which is expected: the more massive the black hole is, the less spacetime we can access. On

the other hand, the higher the charge of the black hole, the smaller R0 is, already noting here the "counter"

effect of the charge with respect to the mass. The effect that M and Q/M have is plotted respectively in

Fig. 6.15. Ω̄ shows the same conclusion as before: a decreasing mass seems to have a similar effect

to an increasing charge-to-mass ratio. Having dealt with this, we can proceed to understand how the

Reissner-Nördstrom solution behaves in our formulation and code.

6.5 Electrovacuum and Finding a Stable Gauge for Scalar Potential

6.5.1 Initial Data for Maxwell’s Fields

The problem we have to tackle foremost now is that the electric field is formally divergent (6.4), but this

goes against the idea of using trumpet initial data, which avoids the singularity. The problem has to do

with the fact that we are using the covariant version of the electric field when it is more fruitful to work with

the contravariant version [72], in this case. Its evolution equation is similar to the covariant one, just by

raising one index in Maxwell’s equations before the 3+1 decomposition. With that taken care of, we can

look again at the Gauss constraint (A.57), now a function of E r instead of Er , without charge densities,

P = −2E rαΩ2

r
− αΩ2E r ′ + 3E rαΩ2χ ′

2χ
= 0 ⇐⇒ −2E r

r
− E r ′ + 3E rχ ′

2χ
= 0 , (6.8)

which has an immediate solution,

E r =
Q

r 2
χ3/2 (6.9)

that is something we could already guess by immediately putting the index up with the 3+1 decomposed

metric (before the compactification with χ). Knowing that χ ∼ r 2 near the origin, we see that the electric

field now goes to 0 there, instead of blowing up to infinity. The same solution shows up when solving

the Hamiltonian constraint, assuming that the black hole has charge. This, of course, is also valid for

a massless charge. One should recall that the Gauss constraint in the absence of external charges

requires only that the divergence of the electric field is 0. Therefore, a divergence-free electric field in this

formulation has the above expression.

Now, although all of the equations are written as much as possible in terms of the electric field (as

recommended in [28]), the electromagnetic potentials are still present in the equations for the real and

imaginary parts of the scalar field. And these cannot be removed, so the first question to answer is, how

do the scalar field components "know" of the black hole’s presence? This should be implicit when giving
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some initial conditions to these fields. However, this is not a necessary condition [73], due to the gauge

freedom we have in the four-potential - Aµ → Aµ + +µf , with f being a scalar function. We could give

null initial conditions, and the system would find the same static solution, and this has been tested in the

code. If we were working in flat space, we would have usual electrodynamics, and we would consider

the potential, V (r ) = Q/r + c, with c being a real constant scalar. However, we have not been working

with this quantity. Instead, we have the evolution equation for Φ. After some pondering, one can impose

a condition for Φ by setting the right-hand side of the equation for A3r (A.49) to 0. Physically, it makes

sense to impose A3r = 0 initially. Therefore, we are left with

−Erα − Φα ′ − αΦ′ = 0 ⇐⇒ Er = −Φα
′

α
− Φ′ . (6.10)

This is a bit different from the usual E = −V ′. However, there is something interesting behind the equation:

that a solution of the type Φ = C/α is a homogeneous solution (it does not affect the electric field).

Rewriting the equation, we get,

Er = −∂r (Φα)
α

,

that motivates us to define a new quantity,V = Φα . If we substitute the expression for the electric field

and write α = (Ω̄ − r Ω̄′) Ω
Ω̄

(check this using γr r 0 and α0 in (4.5)), we get that,

V ′ = −Q
r 2
χ1/2α = −Q

r 2
Ω̄

Ω
(Ω̄ − r Ω̄′)Ω

Ω̄
= −Q

r 2
(Ω̄ − r Ω̄′) = ∂r

(
Ω̄
Q

r

)
. (6.11)

This allows us to write the following,

V (r ) = Ω̄
Q

r
+ C .

This can be identified with the actual electric potential. Therefore, Φ should not be named an electric

potential, but simply a scalar potential related to electrodynamics [72, 28]. This result also allows us to

see that the potential does not have a singularity at r = 0, instead attaining a finite value,V (0) = Q/R0,

assuming C = 0. Going back to the definition of V, we have that,

Φ =
V

α
, (6.12)

and note that α → 0 as r → 0. Therefore, we cannot define freely the constant forV , otherwise, we will

have a singularity at r = 0 for Φ. Thus, we have to "force" V to be 0 at the origin, by setting

V (r ) = Ω̄
Q

r
− Q

R0
=
Q

r

(
Ω̄ − r

R0

)
. (6.13)

Therefore, we get that,

Φ =
Q

r

(
Ω̄ − r

R0

)
Ω̄

Ω

1

Ω̄ − r Ω̄′ . (6.14)

To derive the limit of Φ as r → 0, we should take into account two things: that Ω̄ → r /R0, as r → 0, and

this implies that Ω̄′ → 1/R0 and Ω̄′′ → 0, but nothing can be concluded with care about Ω̄′′′. And the
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Figure 6.16: On the left: Initial data for the electric field E r , (6.9), and the scalar potential Φ, (6.14).
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Taylor expansions,

Ω̄ = Ω̄(0) + r Ω̄′ (0) + r
2

2
Ω̄′′ (0) + r

3

6
Ω̄′′′ (0) +O (r 4)

Ω̄′ = Ω̄′ (0) + r Ω̄′′ (0) + r
2

2
Ω̄′′′ (0) +O (r 3) .

Substituting these expressions in (6.14), together with the fact that Ω̄(0) = Ω̄′′ (0) = 0 and Ω̄′ (0) = 1/R0,

Φ(r → 0) = 1

2

Q

R0

6

KCMC
=
Q

R0

3

KCMC
. (6.15)

For the usual values of our simulations, Q = 0.8, KCMC = −1, R0 ≈ 1.51, we get Φ(0) ≈ −1.57 (see the first

plot in Fig. 6.16). Therefore, we see that the correct imposition of the constant in the electric potential

V gives a finite value of Φ throughout the whole domain of r ∈]0, 1[. These considerations are useful,

especially in our case, for numerical simulations, given that we had already concluded that these constants

do not, in abstract, change the physical significance of the electric field being generated. The initial part of

this derivation was inspired by [72, 73], and this has been carefully written here, for, as far as the author

knows, it is the first time initial data is given for the four-potential in GR, in trumpet initial data. The result

of the initial data is shown in Fig. 6.16. The generalization for a non-conformally flat initial data reads [73],

Er = − ∂rV
αγ2r r

.

6.5.2 Gauge Conditions for the Scalar Potential

The reason for reconsidering the gauge condition for the scalar potential Φ will be made clear in the

following subsection. Until now, for regular initial data, the equations dealt well with the perturbations in c̄φ
and A3r . However, when inputting Reissner-Nördstrom initial data to the whole system (recall Fig. 6.16),

there is an unbounded behavior at I + for Φ and A3r as the evolution continues. This behavior is shown

more clearly in Fig. 6.17, where we present the system at t ≈ 160, using the physical Lorenz gauge (3.57)

and the conformal Lorenz gauge (3.58), respectively. We should note that, because we are not giving
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any initial data for the scalar field, the evolution of the four-potential quantities does not affect the stability

of the overall fields, i.e., we get a static solution for the electric field plus the variables coming from the

Einstein’s equations, which indeed tells us that we have reached a stable, charged black-hole solution.
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Figure 6.17: On the left: State of the system at t = 161.64, with initial data as shown in Fig. 6.16,
using the physical Lorenz gauge (3.57). On the right: the same thing, but using the conformal
Lorenz gauge (3.58).

This was evolved till t ≈ 500 and the quantities’ profiles remain unchanged. However, even if this should

not cause any worries for electrovacuum, it will become problematic as soon as we want to investigate

how the scalar field interacts with the black hole’s electric field. Other than that, convergence tests will

start to diverge at I + due to the lack of precision as the potentials continue to augment. This will make it

practically impossible to understand whether we are having a problem at I + in terms of the outgoing

radiation or not. Another thing to note is how the scalar potential goes from negative values (Fig. 6.16) to

positive ones (Fig. 6.17). This behaviour is the same, independently of the initial data given for Φ, which

agrees with the gauge invariance related to this quantity.

Fueled by this problem at I +, we decided to test some alternatives, inspired by [74]. Another important

paper to understand the possible problems arising from this was [75], where the authors indicate the

lack of strong hyperbolicity coming from the Lorenz gauge. Whatever choice is made for the Lorenz

gauge, be it the physical or the conformal one, both should make the overall system lose its strong

hyperboloidal property. However, this is usually related to the presence of a magnetic field, which involves

the commutation of induced derivatives of A3r in the electric field equation. An analysis of the characteristic

speeds was done, following the prescriptions in Sec. 4.2, and it gave a set of only real eigenvalues, with a

complete set of eigenvectors, which is required for strong hyperbolicity. Thus, our problem is well posed,

but if further investigation is to be done, one will have to take care with adding another auxiliary variable,

usually Γ = DiA3
i . Note that the Coulomb gauge would be equivalent to Γ = 0. The characteristic speeds

of the system we are modeling are shown in Tab. 6.1. The constants ncK and λ come from the gauge

conditions for the shift and the lapse, in (3.8). If they are set both to 0, all of the speeds reduce to v1
and v2. One will recognize these speeds as the eigenspeeds when setting the line element d s̄2 to 0 and

solving for d r̄ /d t : this means that v2 = c+, v3 = c−, i.e., the ingoing and outgoing speeds. They are plotted

in Fig. 6.18 for better clarity. The speeds with the extra term coming from ncK and λ are given the names
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Number Speed’s label Expression
v1 0 0
v2 c+ −β r + α

√
χ
γr r

v3 c− −β r − α
√

χ
γr r

v4 c+ + ncK −β r +
√

χ
γr r

√
ncK + α2

v5 c− + ncK −β r −
√

χ
γr r

√
ncK + α2

v6 c+ + λ −β r +
√

χ
γr r

√
λ + α2

v7 c− + λ −β r −
√

χ
γr r

√
λ + α2

Table 6.1: Characteristic speeds of the system.

c± + ncK and c± + λ. Looking back at Fig. 6.18, we see that the c+’s speeds are in general positive and 0

at r = 0. Also, the c− ’s speeds are negative always, attaining a 0 value at the origin and at I +, which

means that the overall system does not allow any incoming radiation at future null infinity. This has to be

so to retain the physical significance of the region. Information can only go out, never go in, at I +.
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Figure 6.18: Characteristics of the system we are modeling. λ is set to 0.8 and ncK to 1.0.

To find an alternative gauge condition for Φ, we tried using the light-cone gauge, but the simulation

crashed right away. Some further investigation should be done to better understand why. We then went

back to [74], where the author generalizes the Lorenz gauge to have an additional constant such that the

(conformal) Lorenz gauge becomes,

¤Φ = µ

(
−2A3α

r
− αA′

3 − A3α
′ + 3A3αχ

′

2χ

)
+ KCMCαΦ

Ω
+ KαΦ

Ω
+ β rΦ′ + 3β rΦΩ′

Ω
. (6.16)

We should note that the proposal in the original paper is just an example, and it is used with no coupling

of the Lorenz gauge to GR. Therefore, only the partial derivatives appear, not the covariant ones. The

reader will then notice that the term inside the parentheses corresponds to the covariant derivative of

the vector potential (multiplied by α). The conformal Lorenz gauge is recovered if one is to set µ = 1. In

terms of the overall hyperbolicity of the system, it remains unchanged, but there is a slight difference in
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the eigenspeeds, which is to be expected because we are changing the principal part of our system. The

additional speeds are shown in Tab. 6.2 and plotted against the previous known speeds in Fig. 6.19.

Number Speed’s label Expression

v8 c+ + µ − β
r

2 (1 + µ) + 1
2
√
γr r

√
(−1 + µ)2γr r β r 2 + 4µα2χ

v9 c− + µ − β
r

2 (1 + µ) − 1
2
√
γr r

√
(−1 + µ)2γr r β r 2 + 4µα2χ

Table 6.2: Additional speeds coming from alternative Lorenz gauge.
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Figure 6.19: Characteristics of the system with the modified Lorenz gauge (6.16). λ is set to 0.8,
ncK to 1.0 and µ to 0.5.
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Figure 6.20: On the left: Long-term stationary solution of the system with the modified Lorenz
gauge (6.16), at t = 107.8. Compare with Fig. 6.17. λ is set to 0.8, ncK to 1.0 and µ to 0.5. On the
right: Misner-Sharp mass relative to the electrovacuum solution of the system, at t = 0.0. The plot
stays the same, with some negligible numerical changes, throughout the simulation.

The stationary solution that the simulation finds with this change is found on the left side of Fig. 6.20.

On the right side of the figure, we also plot the Misner-Sharp mass, together with the apparent horizon.

We have left the red line, which corresponds to the expected behavior of the Schwarzschild solution,

i.e., a horizontal line at 1, for a M = 1 black hole. This goes according to the theoretical value for the

Missner-Sharp mass of a charged black hole, MMS = M − Q 2/2r , in physical units. The relevant thing
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to understand here is that at the origin, we notice a very strong effect of the charge, and at I + the

contribution of the charge goes to 0 and we regain the asymptotic Schwarzschild-like behavior. Regarding

convergence, the Gauss constraint converges as time progresses, as shown in Fig. 6.21, but a sanity

check was done with long double precision to make sure that the constraints were not being violated. The

Hamiltonian and momentum constraints behave in a very similar manner to the Schwarzschild solution

with or without a scalar field perturbation, therefore, there is no need to show them. At the origin of

Fig. 6.21, there is a loss of convergence, similar to what we have seen for the other constraints. This

might have to do with the presence of the electric field, which has a very steep behavior at the origin.

We can now pass on to see how the charged scalar field interacts with the charged black hole.
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Figure 6.21: Evolution of the Gauss constraint of a Reissner-Nördstrom solution in our code.

6.6 Charged Scalar Field and Maxwell’s Fields in Schwarzschild

Spacetime
We will now go back to the Schwarzschild initial data and do the usual perturbations,

δc̄φ = A1r
2 exp

(
−
r 2 − µ21
4σ4

1

)
, δA3r = A2r

2 exp
(
−
r 2 − µ22
4σ4

2

)
.

The Hamiltonian equation now has an extra term related to the vector potential (compare with (6.7)),

ψ′′ = −
ψ′

√
9C 2

CMCΩ̄
6 + 6r 3Ω̄3 (CCMCKCMC − 3M ) + 9r 4Ω̄2 + K 2

CMCr
6

3r 3Ω̄
+
3C 2

CMCΩ̄
4
(
ψ8 − 1

)
4r 6ψ7

+
K 2

CMCψ
(
ψ4 − 1

)
12Ω̄2

−
πrψ

(
1
3KCMCr c̄φ + 1

6KCMC (−1 + r 2)c̄′φ
)2

+ψ′

r

− 1

36
K 2

CMCπq
2 (−1 + r 2)2A3

2
r c̄

2
φψ . (6.17)

It is important to note that in this section, we have raised the charge of the scalar field to 3.0, instead

of the usual 0.8. This was done to enhance the presence of the imaginary part. We have made the

perturbation of the scalar field the same as shown in Fig. 6.10, and for the radial component of the vector
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potential, we have made the following choices: A2 = 0.002, µ2 = 0.45, and σ2 = 0.1. The results are shown

in Fig. 6.22.
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Figure 6.22: c̄φ , c̄Π, A3r and Φ evolving until part of the initial perturbation is radiated out through
future null infinity and the rest is absorbed into the black hole. The initial amplitude for the scalar
field is 0.001, with σ = 0.1 and µ = 0.5. For A3r , the amplitude is 0.002, σ = 0.1 and µ = 0.45.
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Figure 6.23: Zoom on Fig. 6.22. On the left: Imaginary part of the scalar field, which was excited
due to the perturbation in the radial component of the vector potential. On the right: Electric field
generated by the current density coming from the scalar field, which has been absorbed by the
black hole. Compare with Fig. 6.16.

We see then that the electric potentials also go through the apparent horizon, and the real part of

the scalar field behaves in a very similar way to when the charged part is ignored. To understand better

how the imaginary part and the electric field behave, we have to zoom in on Fig. 6.22. This is shown
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Figure 6.24: Gauss constraint convergence of a charged scalar field perturbation of Schwarzschild
spacetime. As time progresses, it changes into a Reissner-Nördstrom solution.

in Fig. 6.23. In terms of how the imaginary part of the scalar field behaves, it is very similar to the real

part. It slowly dissipates the closer it is to the origin, decreasing its speed accordingly. However, the

electric field (with a very small amplitude, pay attention to the scale in Fig. 6.23) starts to stabilize by

t = 50, acquiring a very similar curve to the one shown for the Reissner-Nördstrom spacetime in Fig. 6.16,

with the appropriate scale. Therefore, we are already modeling, as soon as the scalar field is consumed

by the black hole, an actual solution to the electrically charged black hole. This matches the physical

expectations. In terms of how the constraints behave, it is very similar to what is shown in Fig. 6.12, but

now we must also take into account the Gauss constraint. This is shown in Fig. 6.24. We see that there

seems to exist a lack of convergence near I +, but again, this is still when the spacetime has not relaxed

into a stationary solution. This lack of convergence is attenuated as time progresses, which again gives

us some certainty that the stationary solution will be reached in the future if evolved for longer.

6.7 Charged Scalar Field in Reissner-Nördstrom Spacetime
Until now, we did not have to solve for a perturbation with the electric field initially "on", because we had

Φ0 = 0. With Φ0 , 0, we have to follow the general prescription for these perturbations [73],

E r → E rψ−6 .

To not add any extra terms to solve for, we will do the following substitution,

E r = χ3/2Q

r 2
+ δE rψ−6, Φ → Φψ−6 . (6.18)

This way, the Gauss constraint gives us an elliptic equation independent of ψ,

δE r ′ = −2δE r

r
+ 3δE r Ω̄′

Ω̄
− 3δE rΩ′

Ω
+ 4πq2c̄2φΦ ,

where we recall that q is the scalar field’s charge. Note that the last term in the equation comes from

writing the charge density explicitly as a function of the non-null terms (A.55). Although we cannot say in

general how the behavior of this portion of the electric field being generated by the charged scalar field will
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be, we know for sure that at r = 0 it should be 0. Therefore, the initial condition will be δE r (0) = 0. The

result of this excitation is shown in Fig. 6.25, with a Gaussian perturbation of the scalar field as before.

The overall behavior matches the physical intuition: recall that our perturbations in the scalar field

are spherical. Therefore, if they are to create an electric field, this can never attain a non-null value

inside of this shell, only out of it. Similarly to the (compactified) electric field of the black hole, it attains

a non-vanishing value at scri. The evolution is shown in Fig. 6.26. We only show two frames, because

the general evolution of the scalar field remains the same as before. In this case, now we have that the

imaginary part has an equal predominance very early in the simulation, due to the electromagnetic field

coming from the black hole.
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Figure 6.25: Additional electric field coming from the scalar field initial interaction with the scalar
potential from the black hole.
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Figure 6.26: Charged scalar field interacting with a charged black hole. We have set the charge to
0.7. An initial perturbation in the real part of the scalar field was given.

6.8 Quasi-Normal Modes and Power-law decay tails
An expected feature of a scalar perturbation in a Schwarzschild background is the presence of quasi-

normal modes (QNM) [40] and afterward a slow decay according to a given power-law, as was discussed

in Sec. 4.4. However, if we were to use the initial data in Sec. 6.4, it takes until roughly t ≈ 3800 to reach

the beginning of the tail. Therefore, we have decided to take on a similar approach to [10] and force
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the scalar field to be mostly ingoing, i.e., most of it is consumed by the black hole. This way, the QNM

excitation is mostly suppressed, and it is easier to see the tails. To enforce this behavior, we need to have

the freedom to choose the derivative of the scalar field, c̄Π. To do this, we add a new quantity, ψA, which

will add a slight change to the initial data for Ar r 0 as

Ar r 0ψ
−6 → (Ar r 0 +ψA)ψ−6 . (6.19)

With this change, the momentum constraint can be solved to get an elliptic equation for ψA. In [10], a

helper variable is defined,

Π̆ =
γθθ

√
γr r

αχ3/2

(
¤̃Φ − β r Φ̃′

)
,

which, when translated to the variables used here, means,

˘̄cΠ =
γθθ

√
γr r

αχ3/2

(
c̄Π − β r (c̄′φ + c̄φΩ′/Ω)

)
, (6.20)

which can be reversed to get,

c̄Π =
αχ3/2

γθθ
√
γr r

˘̄cΠ + β r (c̄′φ + c̄φΩ′/Ω) .

I have written it this way to make it clearer what the actual change we are doing is. The reader will notice

that the right-most factor is the term that appeared when we were solving the momentum constraint before.

Now, with the helper variable, there is an extra term appearing. As initial data for this variable, ˘̄cΠ, the

choice made was,

Π̆0 = σ
γθθ0

√
γr r 0

α0χ
3/2
0

β r Φ̃′
0 ⇐⇒ ˘̄cΠ0 = σ

γθθ0
√
γr r 0

α0χ
3/2
0

β r (c̄′φ0 + c̄φ0Ω
′/Ω) ,

with σ being ±1. It can take other constant values, however, but for simplicity we will use ±1 here as well.

This condition means that the initial value for our original variable is,

c̄Π0 = β
r (c̄′φ + c̄φΩ′/Ω)

(
1 + σ

ψ6

)
. (6.21)

Now, physically, this initial condition does not tell us much about what we are enforcing here. The new

variable ˘̄cΠ is more helpful in this case since it is very reminiscent of the Lie derivative of c̃φ (or Φ̃ in [10]).

Roughly, the condition we are imposing is equivalent to,

LncΠ = σLβ cφ . (6.22)

In abstract, the previous condition required to solve the momentum constraint was LncΠ = 0. This is

one of the reasons why people usually define the derivative of c̃φ in this way. Going back to (6.22), the

effect of σ is clearer in its effect. If we were to think of this in flat spacetime, this would correspond to

∂t cφ = σ∂r cφ . If σ = 1, this means we want a pulse going to the right. If σ = −1, this means we want a

pulse going to the left. In our case, an outgoing or ingoing pulse, respectively. We will never be able to
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get a completely ingoing or outgoing pulse because the transformation involves χ , but the overall behavior

will be similar to it. When we solve the momentum constraint with this extra formulation, we get,

ψ′
A = −

8πΩ̄3 ˘̄c0 (c̄′φΩ + c̄φΩ′)
Ω3

−ψA
©­­«
3

r

√√√(
1 − 2M Ω̄

r
+ Q

2Ω̄2

r 2

)
+

(
KCMCr

3Ω̄
+ CCMCΩ̄3

r 2

)2
+ Ω′

Ω

ª®®¬ , (6.23)

which is independent of ψ, a useful feature which allows us to get first ψA and then solve ψ already with

this solution. This is the justification for the initial data used for ˘̄cΠ. The difference from (3.48b) in [10] is

the presence of the charge Q . Assuming a Gaussian perturbation for the scalar field centered at 0.5, ψA
(with σ = 1) takes the form shown in Fig. 6.27, with small changes regarding the charge of the black hole.

If we were to choose the opposite sign, the solution would be reflected with respect to the x-axis.
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Figure 6.27: ψA numerical solution changing with the black hole’s charge. We show a zoom-in on
the region where it is easier to see the effect of the charge on ψA. M is set to 1 and KCMC to -1.
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Figure 6.28: Integrating (6.24) to get the numerical solution for ψ. Compare with Fig. 6.9.

It is relevant to note that the initial condition for ψA is ψA (0) = 0, because the scalar field perturbation

is 0 at the origin initially, and we also impose that the solution should go to 0 at future null infinity. We will
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now have to separate between the two relevant cases, the real scalar field interacting with a Schwarzschild

black hole and the charged scalar field interacting with a charged black hole. The real part has been done

in [10], but we show them here with the gauge conditions chosen during the whole of this thesis, and also

show that the new code can reproduce the same results.

6.8.1 Real Scalar Field in Schwarzschild

Regarding the real part of the scalar field, we also have to rederive the equation that solves the Hamiltonian

constraint (6.2), to include ψA. This now gives us,

ψ′′ = −
3C 2

CMCΩ̄
4

4r 6ψ7
−
K 2

CMCψ

12Ω̄2
+
3C 2

CMCΩ̄
4ψ

4r 6
+
K 2

CMCψ
5

12Ω̄2
−
πΩ̄4 ˘̄c

2
0

ψ7Ω4
+ CCMCΩ̄ψAΩ

4r 3ψ7
−

3ψ2
AΩ

2

16Ω2ψ7

− πψΩ2c̄′φ
2 − ψ

′

r
− ψ′

3r 3Ω̄

√
K 2

CMCr
6 + 9r 4Ω̄2 + 6(CCMCKCMC − 3M )r 3Ω̄3 + 9C 2

CMCΩ̄
6

− 2πc̄φψΩc̄
′
φΩ

′ − πc̄2φψΩ
′2 .

(6.24)

The numerical evolution of the system with this new initial data is shown in Fig. 6.28. Comparing with

Fig. 6.9, we get a slightly different solution, due to the inclusion of ψA. In terms of the overall evolution of

the system, it is very similar to how the usual perturbation behaves in Sec. 6.2, so it will not be shown

again.

Recalling that hyperboloidal slices are spacelike curves and become tangent to null rays at infinity,

this means that there should be a continuous change from an observer that is situated along a timelike

worldtube at r = 0.5 or r = 0.8, where the tail decay should go with t −3, to an observer placed at I +,

where the decay should go with t −2. Fig. 6.29 shows the profile of the scalar field perturbation changing

with time, extracted at several values of the compactified radius.
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Figure 6.29: On the left: scalar field’s behavior (absolute value) as time progresses for observers
placed at several radii. We extrapolate the radiation at I +, because the staggered grid stops at
half a spatial step before. The plot is on a logarithmic scale. On the right: derivative of the absolute
value of the scalar field with respect to the logarithmic time. This corresponds to the exponent of
the decay tail. In the tail regime, we get values that asymptote to -3 at I + and to -2 along timelike
hypersurfaces.

The plot is shown on a logarithmic scale to make it easier to see the change from the quasi-normal
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modes regime to the tail decay regime. On the right plot, we also show the derivative of the logarithm

of the absolute value of the scalar field with respect to logarithmic time. In the tail regime, this should

provide the exponent of the decay and, indeed, for observers nearer scri+, the decay exponent is closer to

-2 and nearer timelike curves, i.e., for smaller radii, it quickly approaches the expected -3. Doing a linear

regression on the extrapolated points at I +, between t = 350 and t = 500, gives us p = −2.000107±3×10−6.

6.8.2 Charged Scalar Field in Reissner-Nördstrom
For the Reissner-Nördstrom case, we make similar changes as were done in Sec. 6.7, together with the

ψA variable introduced in the previous section. Solving for the Hamiltonian constraint, we get

ψ′′ = −
3C 2

CMCΩ̄
4

4r 6ψ7
−
K 2

CMCψ

12Ω̄2
+
3C 2

CMCΩ̄
4ψ

4r 6
+
K 2

CMCψ
5

12Ω̄2
− πΩ̄

4Π2

ψ7Ω4
+ CCMCΩ̄ψAΩ

4r 3ψ7
−

3ψ2
AΩ

2

16Ω2ψ7

− πψΩ2c̄′φ
2 − ψ

′

r
− ψ′

3r 3Ω̄

√
K 2

CMCr
6 + 9r 4Ω̄2 + 6(CCMCKCMC − 3M )r 3Ω̄3 + 9Q 2r 2Ω̄4 + 9C 2

CMCΩ̄
6

− 2πc̄φψΩc̄
′
φΩ

′ − πc̄2φψΩ
′2 − Q 2Ω̄2

4r 4ψ3
+ Q

2Ω̄2ψ

4r 4
− QδE

rΩ3

2r 2Ω̄ψ3
−
πq2c̄φΦ

2Ω4

Ω̄2ψ7
− (δE r )2Ω6

4Ω̄4ψ3
.

(6.25)

Regarding the charged scalar field interacting with a charged black hole, some research has been

done already [16, 76, 77, 18]. More specifically, in [77], there is a table that describes the power-law

decays of a scalar field in Schwarzschild and Reissner-Nördstrom backgrounds. There, they also consider

the case of a massive scalar field, so we just take the relevant part for us in Tab. 6.3.

q Q = 0 Q ≤ M

0 t −2l −3 t −2l −3

q , 0 − t −2l −2

Table 6.3: Summary of power-law decays of a scalar field in Schwarzschild and Reissner-Nördstrom
backgrounds [77]. q is the scalar field’s charge, Q the black hole’s charge and M the latter’s mass.
The entries describe the late-time decay tails behavior for timelike hypersurfaces. l comes from
the spherical harmonic decomposition of the scalar field.

However, this table is far from complete, as we will see later. Also, in the third part of a series of 3

papers [18, 62, 17], it is shown that this should be otherwise. The authors of [77] cite the first paper of the

series [18], and they even say that the considered case in these papers is for a very small electromagnetic

interaction between the charged scalar field and the black hole, i.e., |qQ | ≪ 1. Although they say that

they have found analytical descriptions of the late time tails for the case we are considering, these are

only valid for the same conditions of electromagnetic interaction that they said they were expanding on.

The second and third papers of the series we just mentioned [62, 17] show analytically and numerically

that the actual late time tails of the charged scalar field in a Reissner-Nördstrom background are given by,

t −(2β+2) , (6.26)
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for timelike infinity and

t −(β+1−i qQ ) , (6.27)

for future null infinity. The parameter β is given by,

β =
−1 +

√
(2l + 1)2 − 4(qQ )2

2
. (6.28)

Spherical symmetry is restricted to l = 0. If there is no electromagnetic interaction, qQ = 0 and β = 0,

and the tail decay exponents will be those corresponding to the real scalar field case. If, however, as

we increase the value of the charge, we get 4(qQ )2 > 1, the square root becomes imaginary and the

exponents that we expect for the late time tails become p = −1 for timelike infinity and p = −0.5 at I +. To

test this, we have run 4 different scenarios. The mass of the black hole and the charge of the scalar field

remained constant, equal to 1, and only changed the black hole’s charge: 0.001, 0.3, 0.6, and 1.0. The

scalar field’s behavior is shown in Fig. 6.30. In this case, the quantity where we can appreciate the tails is

the modulus of the scalar field, which is plotted in black in all graphs.
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Figure 6.30: Value of the real and imaginary parts of the scalar field, together with its amplitude,
at I +, as a function of time. The charge of the scalar field is set to 1, the mass of the black hole
as well, and we only change the black hole’s charge throughout the several graphs: 0.001, 0.3,
0.6, and 1.0.

As the charge of the black hole increases, the decay of the field’s amplitude becomes slower. This has

to do with the fact that the late time effects we see are progressively dominated by the electromagnetic
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Figure 6.31: Derivative of the log of the absolute value of the scalar field with respect to the log of
time. This gives the changing time exponent as we increase the charge. On the left, for I +. On
the right, for r ≈ 0.75.

interaction instead of the curvature [18]. We also see that as the charge increases, the oscillation frequency

in the tail regime increases, which also matches the prediction in (6.27). Fig. 6.31 shows equivalent

information to the right plot in Fig. 6.29, but including the exponents of the decay at scri+ on the left and

along a timelike hypersurface on the right.

If we compare with the β exponent proposed in [18] and the prediction of [77], we get the plot Fig. 6.32,

where we have run for other values of the charge for a clearer picture. The results agree with [18] and, in

the limit Qq ≪ 0.001, they agree with [77].
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Figure 6.32: Comparison of the results from our simulation (the triangles) with the analytical results
coming from Konoplya [77] and from Hod & Piran [18].

Fig. 6.30, during the tail decay regime, also shows an increasing frequency of oscillation of the real

and imaginary parts. Analytically, this comes from the imaginary part in the definition of β in (6.28) and

the other exponent in (6.27). Performing a Fourier Transform on the tail regime (we consider data only

after t = 300 in each simulation), we get a linear correlation between the frequency of oscillation and the

parameter Qq . This linear correlation is off by a factor of 10 from the prediction (6.28), by [62]. Therefore,

we show the analytical prediction rescaled by a factor of 10 together with the frequencies that came
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from the simulation in Fig. 6.33. We also compare with the function f = Qq/10, because the results

coincide very well with this linear correlation between the oscillation frequency and the Qq parameter.

The simulation does not agree, however, with the diverging behavior for Qq ≥ 0.5. One could propose

that the charge parameter we are using is incorrect by a factor of 10 as well, but then Fig. 6.32 should not

agree with the analytical predictions as well. The Fourier Transform was applied to the imaginary part as

well, giving the same result.
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Figure 6.33: Frequency comparison of the results from our simulation (the triangles) with the
analytical results coming from Hod and Piran [18] (the black line). The blue line corresponds to the
function f = Qq/10, an empirical guess that shows better agreement.

6.8.3 Real Scalar Field in Reissner-Nördstrom
Here we take the charge of the scalar field to be 0 and see how it behaves late in time interacting with a

Reissner-Nördstrom black hole. There has been some discussion about it: the authors of [78] contest the

results of Bicak in [16], for the extremal RN case. However, Bicak and Price helped the authors of [79]

to extract, for the extremal case, the power law t −2l −2. This confirms what was shown in Tab. 6.3, from

[77]. Therefore, the conclusion is that even for the extremal case, the tail decay of the real scalar field in a

Reissner-Nördstrom background should be the same as in a Schwarzschild background. We have tested

this for Q = 0.1 and Q = 0.5. The results are almost indistinguishable from Fig. 6.29, so no need to show

the figures again. When tested for the extreme RN black hole, nothing conclusive could be interpreted,

because there was no tail decay by t = 500, as had happened for all other simulations shown here.

6.9 Scalar Field Collapse
As the last section describing the results, we experiment with including a scalar field perturbation so strong

that it produces a black hole [40, 80, 81]. The black hole’s creation can be detected if the compactification

factor χ goes to zero at the origin in a smooth way and finds a static solution there, a behavior that the

lapse should also share, to freeze the evolution and avoid reaching the singularity. Furthermore, the

apparent horizon can be used to give additional evidence that indeed there is black hole formation.

After much tuning, we found that the gauge conditions we have been using throughout this whole work
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do not seem to withstand, in a consistent way, a collapsing scalar field. This would make it impossible to

do convergence tests after the collapse, because at least one of the resolutions would blow up. To tackle

this, I decided to change the gauge conditions (3.71) for the ones used in [52, 82]. This led me to the

following expressions:

¤α = β rα ′ − β̂ r α̂ ′ − α
2K

Ω
+ Ω′

Ω
(β̂ r α̂ − β rα) + ξcK (α̂ − α)

Ω

¤β = β r β r ′ + η (β̂ r − β r ) + ξβ r
(
β̂ r

Ω
− β

r

Ω

)
+ 3

4
α2χλ − 2λ

3Ω

KCMC
Λr −

K 2
CMC r

9
.

(6.29)

These conditions are equivalent to (3.71) with ncK = 0. We focus now on the results.

6.9.1 Collapse into a Schwarzschild Black Hole
For the case of the collapse of a real scalar field, this has been shown already in [10], using the tuned 1+log

condition and the integrated Gamma-driver gauge conditions. To see how well this code can withstand

this type of simulation, we decided to reproduce the result, with the adapted gauge conditions (6.29).

Here, we continue using KCMC = −1 and a time-symmetric Gaussian perturbation for the (physical) scalar

field, with A = 0.05, µ = 0.5, and σ = 0.1. The Kreiss-Oliger dissipation amplitude had to be carefully

tuned to provide for a long-lasting simulation. A good value was σKO = 0.15. The evolution of the system

is shown in Fig. 6.34, with the apparent horizon forming around t ≈ 7.1.
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Figure 6.34: c̄φ , c̄Π, β r , α , χ , γr r evolving as the scalar field collapses into a black hole.

By looking at Fig. 6.34, we can see that on the bottom two frames, the lapse and χ have gone to
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0 at the origin, the location of the trumpet. Simultaneously, β r becomes positive at the horizon, which

qualitatively mirrors the negative values it takes at scri+. The reason for this is that future null infinity is an

ingoing null surface, while the event horizon is an outgoing one. The behavior of the shift allows us to

preserve the resolution of our simulation in the region outside of the black hole. The apparent horizon

appears around r ≈ 0.04, and the Missner-Sharp mass indicates that the black hole’s mass is about

M ≈ 0.33. This is shown in Fig. 6.35. The constraint convergence after the collapse is shown in Fig. 6.36.

Regarding the scalar field, the reader will see that most of the perturbation in Fig. 6.35 radiates away

through future null infinity. The ingoing part, on the other hand, when it hits the origin, it rapidly dissipates

away, without reflection. Regarding the constraints (Fig. 6.36), as soon as the collapse happens, the

constraints lose convergence near the origin. We also plotted the apparent horizon in the figures to

better understand the region of space where this loss of convergence happens, and most of it happens

inside the apparent horizon. This region does not affect constraint convergence in the rest of the domain,

remaining in that fixed region of spacetime. There also seems to exist a small convergence loss at I +,

but it attenuates with time. This latter part seems to be an improvement on the results obtained in [10].
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Figure 6.35: Misner-Sharp mass corresponding to the evolution in Fig. 6.34. The y-axis is rescaled
appropriately for each picture. The first frame shows that initially we have a 3.5 (in mass units)
scalar field perturbation. On the second frame, we see that most of it has radiated out through
future null infinity, and the ingoing part (around 0.33 mass units) will become the black hole’s mass.

6.9.2 Collapse into a Reissner-Nördstrom Black Hole
Regarding the charged scalar field collapse, this has also been of interest throughout the last decades [16,

30] and hence we shall do a similar perturbation in the same way as was done in Sec. 6.3. We continue

using, for the physical scalar field, A = 0.05, µ = 0.5, and σ = 0.1. For δA3
r , we use A = 0.02, µ = 0.46

and σ = 0.2. In this case, we decided to increase the charge of the scalar field, q = 5.0, to get a stronger

electric field for the black hole. The result is shown in Fig. 6.37. We are plotting only the electromagnetic

part, together with the real part of the scalar field. We have left this latter one for a better understanding of

when the black hole is formed, but the rest of the variables have a very similar behavior as the one shown

in Fig. 6.34. The conclusion is that a static electric field is formed after the collapse, matching the physical

expectations. The apparent horizon is formed at around r ≈ 0.039, closer to the origin than with the real

scalar field due to the presence of charge. The electric field generated by the ingoing charged scalar
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field is negative, due to the negative sign in the current density (A.55), but it continues to go to 0 near the

origin, analogous to Fig. 6.17. The constraints converge similarly to Fig. 6.36, so here we only plot the

Gauss constraint convergence (Fig. 6.38). In [83], we also show the convergence of the scalar field at

I +. To the best of our knowledge, this is the first time that a collapse of a charged scalar field to a RN

black hole has been carried out on hyperboloidal slices, with a common formulation such as BSSN/Z4.
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Figure 6.36: Constraint Convergence at t = 11.677, corresponding to the evolution shown in
Fig. 6.34. Collapse has occurred at around t ≈ 7.1.
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Figure 6.37: c̄φ , Er , Φ and A3r evolving until the charged scalar field collapses into a black
hole at the origin. The last plot is a zoom-in of the first-to-last plot, for a clearer picture of the
electromagnetic fields near the origin. The y-axis on the top figures is different from the lower ones.
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Figure 6.38: Gauss constraint convergence at t = 11.677, corresponding to the evolution shown in
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

With this work, we were able to piece together the Einstein-Maxwell-Klein-Gordon system of equations in

hyperboloidal slices. This was done using BSSN/Z4 for the EFEs, and for Maxwell’s equations we added

a scalar ψ, following [37]. It is analogous to the role of Z4 in EFE but for Maxwell’s equations. We also

had to find a gauge condition for the scalar potential Φ that did not cause the electromagnetic potentials

to grow unbounded at scri+. We were able to do this using a similar trick to what was done for α and

β . Additionally, the constraints converge as expected, meaning the code and the system are steadily

converging to the exact solutions as we increase the grid precision.

We also derived initial data for the Reissner-Nördstrom black hole background, adapted to trumpet

initial data, in the hyperboloidal framework. This led to the correct modelling of a RN black hole interacting

with a charged scalar field. After having this problem settled, we introduced a strong enough scalar

field perturbation that collapsed into a black hole. This was done for the real scalar field, producing a

Schwarzschild black hole, and for a charged scalar field, producing a Reissner-Nördstrom black hole.

Regarding the power-law tail decays, we were able to extract, for the first time, in hyperboloidal slices,

how the decay exponent changes with different qQ without assuming a constant background. We checked

that the exponent changes in accordance with previous analytical results, albeit with some systematic

differences. The frequency of the real and imaginary parts of the scalar field, in the tail regime, was

also compared with the analytical results from [17], and we got an almost linear relation between the

parameter qQ and the frequency f , off by a factor of 10. This linear relation was expected, but from

qQ ≥ 0.5 onwards the analytical results diverge from the simulations’ results.

7.2 Future Work

In the long run, one of the aims of the hyperboloidal approach is to be used in NR for extraction of

gravitational waves right at scri+ from simulations of compact binary coalescences, to avoid systematic

errors associated with extraction. This is crucial to reach higher accuracy in the waveform models
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to prepare data analysis for the next generation of earth-based GW interferometers, like the Einstein

Telescope and the Cosmic Explorer, and the space-based ones, like LISA, Taiji, TianQin, DECIGO, etc.

This work then comes as a relevant step in expanding the use of hyperboloidal slices to charged

spacetimes and to the possibility of simulating with extremal RN BHs as a proxy for rotating Kerr ones. The

next important objective will be putting this formalism in 3D. Before 3D, however, it would be interesting to

expand to 2D and simulate the magnetic field that we discarded here because of spherical symmetry.

In 2D, we could generalize the black hole we are considering, from RN to Kerr. Something that is still a

matter of debate is simulating the massive Klein-Gordon equation on hyperboloidal slices. This would be

particularly interesting because a massive scalar field can be interpreted as a boson star. The problem

regarding this implementation is that the massive term does not fall off fast enough at future null infinity

[84]. We say fast enough because, from a physical point of view, a massive object cannot travel at the

speed of light and therefore should never reach scri+.
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Appendix A

GBSSN system of equations
A.1 PDE system
The EFEs, when written in the GBSSN formalism, together with the Z4 quantities, give the following set of

equations (check the variables in Sec. 3.3.3):

∂⊥χ =
2

3
αχ (K + 2Θ) + 1

3
χ∂⊥ ln γ, (A.1)

∂⊥γab = −2αAab +
1

3
γab∂⊥ ln γ (A.2)

∂⊥Aab =

[
αχ

(
Rab + 2D (aZb )

)
− χDaDbα − D (aαDb )χ − αDaχDbχ

4χ
+ 1

2
αDaDbχ

+ 2Z (aαDb )χ +
2αD (aχDb )Ω

Ω
+ 2αχDaDbΩ

Ω
+
4αχZ (aDb )Ω

Ω
− 8παSab

]TF

, (A.3)

∂⊥K = α

(
AabAab +

1

3
(K + 2Θ)2 + κ1 (1 − κ2)Θ

Ω

)
− χ∆α + 1

2
D aαDaχ + 2CZ4cZ

aDaα

+ 3[(∂⊥Ω)2 − α2χD aΩDaΩ]
Ω2α

−
2CZ4cαZaDaΩ

Ω
+ 3χD aαDaΩ

Ω
− αD

aχDaΩ

2Ω

+ αχ∆Ω
Ω

+ [K + 4Θ]∂⊥Ω
Ω

+ 3∂⊥α∂⊥Ω

Ωα2
− 3∂⊥∂⊥Ω

Ωα
+ 4πα (ρ + S ), (A.4)

∂⊥Λa =
2Z b D̃bβ

a

χ
+ α

(
2Abc∆Γabc −

2

3
D a (K + 2Θ) − 3AabDbχ

χ
− 4Z a (K + 2Θ)

3χ
− 2κ1Z

a

Ωχ

)
+ γbcD̂b D̂cβa − γbcR [γ̂]abcdβ

d − 2AabDbα − 2CZ4cΘD
aα − 4αAabDbΩ

Ω

− 2α (2K + Θ)D aΩ

3Ω
+ 2CZ 4cαΘD

aΩ

Ω
− 4D a∂⊥Ω

Ω
+ 4D aα∂⊥Ω

Ωα
− 4Z a∂⊥Ω

Ωχ

− 1

6
D a∂⊥ ln γ − 1

3
∆Γa∂⊥ ln γ − 2Z a∂⊥ ln γ

3χ
− 16πJ aα

χ
(A.5)

∂⊥Θ =
α

2

[
χ (R [γ] + 2D aZa ) − AabAab +

2

3
(K + 2Θ)2 − 2CZ4cΘ(K + 2Θ) − 2κ1 (2 + κ2)Θ

Ω

]
+ α∆χ − 5αD aχDaχ

4χ
− CZ 4cZ

aDaα − CZ 4cαZaDaχ

2χ
+ 2αχ∆Ω

Ω
− αD

aχDaΩ

Ω

3[(∂⊥Ω)2 − α2χD aΩDaΩ]
Ω2α

+ 2K∂⊥Ω

Ω
− 8παρ, (A.6)

together with the constraints,
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H = χR [γ] − AabAab +
2

3
(K + 2Θ)2 + 2△χ − 5D aχDaχ

2χ
+ 6[(∂⊥Ω)2 − α2χD aΩDaΩ]

Ω2α2

− 2D aχDaΩ

Ω
+ 4χ∆Ω

Ω
+ 4(K + 2Θ)∂⊥Ω

Ωα
− 16πρ, (A.7)

Ma = DbA
b
a −

2

3
Da (K + 2Θ) −

3AbaDbχ

2χ
−
2AbaDbΩ

Ω
− 2(K + 2Θ)DaΩ

3Ω
− 2Da∂⊥Ω

Ωα

+ 2Daα∂⊥Ω

Ωα2
− 8πJa , (A.8)

Za =
γab
2

(
Λb − ∆Γb

)
, (A.9)

where the third constraint comes from writing the Z4 quantity Za in terms of Λa and ∆Γa . The equations

we evolved in this work used the physical trace of extrinsic curvature, K̃ , and the "physical" Θ̃ variable,

as is done in [10]. Regarding Maxwell’s and Klein-Gordon equations, they become (written already as

functions of the physical extrinsic curvature and the physical Θ):

∂tEj =4πj̄ jα +
KCMCEjα

3Ω
+
K̃ Ejα

3Ω
+
2CZ 4Ej Θ̃α

3Ω
+ β iDiEj − EiDj β i −

αDjψ

Ω2

−
αEjLnΩ

Ω
(A.10)

∂tψ = − 4πq̄dens.α + 4πkαΩ2ψ − αΩ2DiE
i + 3E iαΩ2Diχ

2χ
+ β iDiψ (A.11)

∂tA3j =Ejα + β iDiA3j − ΦDjα + A3iDj β
i − αDjΦ (A.12)

∂tΦ =
KCMCαΦ

Ω
+ KαΦ

Ω
+ 2CZ 4Θ̃αΦ

Ω
− αDkA3

k − A3
kDkα + β kDkΦ + 3A3

kαDkχ

2χ

− 3Φ∂⊥Ω

Ω
(A.13)

∂t c̄φ = c̄Π (A.14)

∂t d̄φ = d̄Π (A.15)

∂t c̄Π =
c̄Π∂tα

α
− qd̄φ∂tΦα − q2A3mA3

m c̄φα
2 + KCMC c̄Πα

Ω
+ c̄ΠK̃ α

Ω
+ 2CZ 4c̄ΠΘ̃α

Ω
− 2qd̄ΠαΦ

+
KCMCqd̄φα

2Φ

Ω
+
qK̃ d̄φα

2Φ

Ω
+
2qCZ 4d̄φΘ̃α

2Φ

Ω
+ q2c̄φα2Φ2 + 2β iDi c̄Π + ∂tβ iDi c̄φ

−
∂tαβ

iDi c̄φ

α
−
KCMCαβ

iDi c̄φ

Ω
−
K̃ αβ iDi c̄φ

Ω
−
2CZ 4Θ̃αβ

iDi c̄φ

Ω
+ 2qαβ iΦDi d̄φ

− c̄Πβ
iDiα

α
−
KCMC c̄φαβ

iDiΩ

Ω2
−
c̄φK̃ αβ

iDiΩ

Ω2
−
2CZ 4c̄φΘ̃αβ

iDiΩ

Ω2
+
c̄φ∂tβ

iDiΩ

Ω

−
c̄φ∂tαβ

iDiΩ

αΩ
+ qd̄φαβ iDiΦ +

3qA3
i d̄φα

2Diχ

2χ
+
β i β jDiαDj c̄φ

α
+
β i β jDiΩDj c̄φ

Ω

− β jDi c̄φDj β i −
c̄φβ

jDiΩDj β
i

Ω
−
β i β jDi c̄φDjΩ

Ω
+
c̄φβ

i β jDiαDjΩ

αΩ
+
2c̄φβ

i β jDiΩDjΩ

Ω2

− 3
2γ
i jα2Di c̄φDjχ −

3c̄φγ
i jα2DiΩDjχ

2Ω
− β i β jDjDi c̄φ −

c̄φβ
i β jDjDiΩ

Ω
− qA3

k d̄φαDkα

+
4qA3

k d̄φα
2DkΩ

Ω
+ γ l kαχDkαD l c̄φ −

4γk l α2χDk c̄φD lΩ

Ω
+
c̄φγ

l kαχDkαD lΩ

Ω

−
4c̄φγ

k l α2χDkΩD lΩ

Ω2
− qd̄φγmnα2χDmA3n − 2qA3

mα2Dm d̄φ −
4qA3

m d̄φα
2DmΩ

Ω

−
qA3

m d̄φα
2Dmχ

2χ
+
2γmnα2χDmΩDn c̄φ

Ω
+ 1

2γ
mnα2DmχDn c̄φ +

2γmnα2χDm c̄φDnΩ

Ω
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+
2c̄φγ

mnα2χDmΩDnΩ

Ω2
+
c̄φγ

mnα2DmχDnΩ

2Ω
−
qA3

n d̄φα
2Dnχ

2χ
+ 1

2γ
mnα2Dm c̄φDnχ

+
c̄φγ

mnα2DmΩDnχ

2Ω
+ γmnα2χDnDm c̄φ +

c̄φγ
mnα2χDnDmΩ

Ω
− 3c̄Π∂⊥Ω

Ω
−
3qd̄φαΦ∂⊥Ω

Ω

+
3β iDi c̄φ∂⊥Ω

Ω
+
3c̄φβ

iDiΩ∂⊥Ω

Ω2
(A.16)

∂t d̄Π =
d̄Π∂tα

α
+ qc̄φ∂tΦα − q2A3mA3

m d̄φα
2 + KCMC d̄Πα

Ω
+ K̃ d̄Πα

Ω
+ 2CZ 4d̄ΠΘ̃α

Ω
+ 2qc̄ΠαΦ

−
KCMCqc̄φα

2Φ

Ω
−
qc̄φK̃ α

2Φ

Ω
−
2qCZ 4c̄φΘ̃α

2Φ

Ω
+ q2d̄φα2Φ2 − 2qαβ iΦDi c̄φ + 2β iDi d̄Π

+ ∂tβ iDi d̄φ −
∂tαβ

iDi d̄φ

α
−
KCMCαβ

iDi d̄φ

Ω
−
K̃ αβ iDi d̄φ

Ω
−
2CZ 4Θ̃αβ

iDi d̄φ

Ω
− d̄Πβ

iDiα

α

−
KCMC d̄φαβ

iDiΩ

Ω2
−
K̃ d̄φαβ

iDiΩ

Ω2
−
2CZ 4d̄φΘ̃αβ

iDiΩ

Ω2
+
d̄φRH Sβ

iDiΩ

Ω
−
d̄φ∂tαβ

iDiΩ

αΩ

− qc̄φαβ iDiΦ −
3qA3

i c̄φα
2Diχ

2χ
+
β i β jDiαDj d̄φ

α
+
β i β jDiΩDj d̄φ

Ω
− β jDi d̄φDj β i

−
d̄φβ

jDiΩDj β
i

Ω
−
β i β jDi d̄φDjΩ

Ω
+
d̄φβ

i β jDiαDjΩ

αΩ
+
2d̄φβ

i β jDiΩDjΩ

Ω2
− 3

2γ
i jα2Di d̄φDjχ

−
3d̄φγ

i jα2DiΩDjχ

2Ω
− β i β jDjDi d̄φ −

d̄φβ
i β jDjDiΩ

Ω
+ qA3

k c̄φαDkα −
4qA3

k c̄φα
2DkΩ

Ω

+ γ l kαχDkαD l d̄φ −
4γk l α2χDk d̄φD lΩ

Ω
+
d̄φγ

l kαχDkαD lΩ

Ω
−
4d̄φγ

k l α2χDkΩD lΩ

Ω2

+ qc̄φγmnα2χDmA3n + 2qA3
mα2Dm c̄φ +

4qA3
m c̄φα

2DmΩ

Ω
+
qA3

m c̄φα
2Dmχ

2χ
+
2γmnα2χDmΩDn d̄φ

Ω

+ 1
2γ
mnα2DmχDn d̄φ +

2γmnα2χDm d̄φDnΩ

Ω
+
2d̄φγ

mnα2χDmΩDnΩ

Ω2
+
d̄φγ

mnα2DmχDnΩ

2Ω

+
qA3

n c̄φα
2Dnχ

2χ
+ 1

2γ
mnα2Dm d̄φDnχ +

d̄φγ
mnα2DmΩDnχ

2Ω
+ γmnα2χDnDm d̄φ +

d̄φγ
mnα2χDnDmΩ

Ω

− 3d̄Π∂⊥Ω

Ω
+
3qc̄φαΦ∂⊥Ω

Ω
+
3β iDi d̄φ∂⊥Ω

Ω
+
3d̄φβ

iDiΩ∂⊥Ω

Ω2
. (A.17)

The Gauss constraint (3.49) becomes,

G = DiE
i + 3E iDiχ

2χ
+ 4πq̄dens. (A.18)

A.2 Stress-energy Tensor
As we saw during the 3+1 decomposition of Einstein’s equations, the way we incorporate the Maxwell and

Scalar Field contributions is through the projections of the stress-energy tensor. Recapping, we have,

ρ̄ = n̄a n̄bT̄ab

J̄ a = −B̄ ab n̄cT̄bc

S̄ab = B̄
c
a B̄

d
b T̄cd

S̄ = γ̄ab S̄ab

We recall that T̄ab is just the stress-energy written as a function of the already conformally compactified

variables, it is not a rescaled quantity. We will now display these projections separately for Maxwell and
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Klein-Gordon parts, for better readability. Some cross terms will appear in the Klein-Gordon equations,

due to the natural coupling arising from the charge. We will directly show them already in the GBSSN+Z4

formulation.

Scalar Field Part

ρ̄ =
c̄2ΠΩ

2

2α2
+
q2d̄ 2ΠΩ

2

2α2
+ 1

2q
2A3iA3

i c̄2φΩ
6 + 1

2q
4A3iA3

i d̄ 2φΩ
6 −

q2c̄φ d̄ΠΩ
4Φ

α
+
q2c̄Πd̄φΩ

4Φ

α

+ 1
2q

2c̄2φΩ
6Φ2 + 1

2q
4d̄ 2φΩ

6Φ2 −
c̄Πβ

iΩ2Di c̄φ

α2
− q2A3

i d̄φΩ
4Di c̄φ −

q2d̄φβ
iΩ4ΦDi c̄φ

α

−
q2d̄Πβ

iΩ2Di d̄φ

α2
+ q2A3

i c̄φΩ
4Di d̄φ +

q2c̄φβ
iΩ4ΦDi d̄φ

α
−
c̄Πc̄φβ

iΩDiΩ

α2
−
q2d̄Πd̄φβ

iΩDiΩ

α2

+
β i β jΩ2Di c̄φDj c̄φ

2α2
+ 1

2γ
j iΩ2χDi c̄φDj c̄φ +

q2β i β jΩ2Di d̄φDj d̄φ

2α2
+ 1

2q
2γj iΩ2χDi d̄φDj d̄φ

+
c̄φβ

i β jΩDi c̄φDjΩ

α2
+ c̄φγj iΩχDi c̄φDjΩ +

q2d̄φβ
i β jΩDi d̄φDjΩ

α2
+ q2d̄φγj iΩχDi d̄φDjΩ

+
c̄2φβ

i β jDiΩDjΩ

2α2
+
q2d̄ 2φβ

i β jDiΩDjΩ

2α2
+ 1

2 c̄
2
φγ

j iχDiΩDjΩ + 1
2q

2d̄ 2φγ
j iχDiΩDjΩ (A.19)

J̄ i = −
q2A3

i c̄φ d̄ΠΩ
4

α
+
q2A3

i c̄Πd̄φΩ
4

α
+ q2A3

i c̄2φΩ
6Φ + q4A3

i d̄ 2φΩ
6Φ −

q2A3
i d̄φβ

jΩ4Dj c̄φ

α

−
c̄Πγ

i jΩ2χDj c̄φ

α
− q2d̄φγi jΩ4ΦχDj c̄φ +

q2A3
i c̄φβ

jΩ4Dj d̄φ

α
−
q2d̄Πγ

i jΩ2χDj d̄φ

α

+ q2c̄φγi jΩ4ΦχDj d̄φ −
c̄Πc̄φγ

i jΩχDjΩ

α
−
q2d̄Πd̄φγ

i jΩχDjΩ

α
+
γi j β kΩ2χDj c̄φDk c̄φ

α

+
c̄φγ

i j β kΩχDjΩDk c̄φ

α
+
q2γi j β kΩ2χDj d̄φDk d̄φ

α
+
q2d̄φγ

i j β kΩχDjΩDk d̄φ

α
+
c̄φγ

i j β kΩχDj c̄φDkΩ

α

+
q2d̄φγ

i j β kΩχDj d̄φDkΩ

α
+
c̄2φγ

i j β kχDjΩDkΩ

α
+
q2d̄ 2φγ

i j β kχDjΩDkΩ

α
(A.20)

S̄i j = q
2A3iA3j c̄

2
φΩ

6 + q4A3iA3j d̄
2
φΩ

6 +
c̄2Πγi jΩ

2

2α2χ
+
q2d̄ 2Πγi jΩ

2

2α2χ
−
q2A3kA3

k c̄2φγi jΩ
6

2χ
−
q4A3kA3

k d̄ 2φγi jΩ
6

2χ

−
q2c̄φ d̄Πγi jΩ

4Φ

αχ
+
q2c̄Πd̄φγi jΩ

4Φ

αχ
+
q2c̄2φγi jΩ

6Φ2

2χ
+
q4d̄ 2φγi jΩ

6Φ2

2χ
− q2A3j d̄φΩ

4Di c̄φ

+ q2A3j c̄φΩ
4Di d̄φ − q2A3i d̄φΩ

4Dj c̄φ + Ω2Di c̄φDj c̄φ + c̄φΩDiΩDj c̄φ + q2A3i c̄φΩ
4Dj d̄φ

+ q2Ω2Di d̄φDj d̄φ + q2d̄φΩDiΩDj d̄φ + c̄φΩDi c̄φDjΩ + q2d̄φΩDi d̄φDjΩ + c̄2φDiΩDjΩ

+ q2d̄ 2φDiΩDjΩ −
c̄Πγi j β

kΩ2Dk c̄φ

α2χ
+
q2A3

k d̄φγi jΩ
4Dk c̄φ

χ
−
q2d̄φγi j β

kΩ4ΦDk c̄φ

αχ

−
q2d̄Πγi j β

kΩ2Dk d̄φ

α2χ
−
q2A3

k c̄φγi jΩ
4Dk d̄φ

χ
+
q2c̄φγi j β

kΩ4ΦDk d̄φ

αχ
−
c̄Πc̄φγi j β

kΩDkΩ

α2χ

−
q2d̄Πd̄φγi j β

kΩDkΩ

α2χ
− 1

2γi j γ
k lΩ2Dk c̄φD l c̄φ +

γi j β
k β lΩ2Dk c̄φD l c̄φ

2α2χ
− 1

2q
2γi j γ

k lΩ2Dk d̄φD l d̄φ

+
q2γi j β

k β lΩ2Dk d̄φD l d̄φ

2α2χ
− c̄φγi j γk lΩDk c̄φD lΩ +

c̄φγi j β
k β lΩDk c̄φD lΩ

α2χ
− q2d̄φγi j γk lΩDk d̄φD lΩ

+
q2d̄φγi j β

k β lΩDk d̄φD lΩ

α2χ
− 1

2 c̄
2
φγi j γ

k lDkΩD lΩ − 1
2q

2d̄ 2φγi j γ
k lDkΩD lΩ +

c̄2φγi j β
k β lDkΩD lΩ

2α2χ

+
q2d̄ 2φγi j β

k β lDkΩD lΩ

2α2χ
(A.21)
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S̄ =
3c̄2ΠΩ

2

2α2
+
3q2d̄ 2ΠΩ

2

2α2
− 1

2q
2A3iA3

i c̄2φΩ
6 − 1

2q
4A3iA3

i d̄ 2φΩ
6 −

3q2c̄φ d̄ΠΩ
4Φ

α
+
3q2c̄Πd̄φΩ

4Φ

α

+ 3
2q

2c̄2φΩ
6Φ2 + 3

2q
4d̄ 2φΩ

6Φ2 −
3c̄Πβ

iΩ2Di c̄φ

α2
+ q2A3

i d̄φΩ
4Di c̄φ −

3q2d̄φβ
iΩ4ΦDi c̄φ

α

−
3q2d̄Πβ

iΩ2Di d̄φ

α2
− q2A3

i c̄φΩ
4Di d̄φ +

3q2c̄φβ
iΩ4ΦDi d̄φ

α
−
3c̄Πc̄φβ

iΩDiΩ

α2
−
3q2d̄Πd̄φβ

iΩDiΩ

α2

− 3
2Ω

2χDi c̄φD
i c̄φ − 3c̄φΩχDiΩD

i c̄φ − 3
2q

2Ω2χDi d̄φD
i d̄φ − 3q2d̄φΩχDiΩD

i d̄φ − 3
2 c̄

2
φχDiΩD

iΩ

− 3
2q

2d̄ 2φχDiΩD
iΩ +

3β i β jΩ2Di c̄φDj c̄φ

2α2
+ γi jΩ2χDi c̄φDj c̄φ + c̄φγi jΩχDiΩDj c̄φ +

3q2β i β jΩ2Di d̄φDj d̄φ

2α2

+ q2γi jΩ2χDi d̄φDj d̄φ + q2d̄φγi jΩχDiΩDj d̄φ +
3c̄φβ

i β jΩDi c̄φDjΩ

α2
+ c̄φγi jΩχDi c̄φDjΩ

+
3q2d̄φβ

i β jΩDi d̄φDjΩ

α2
+ q2d̄φγi jΩχDi d̄φDjΩ +

3c̄2φβ
i β jDiΩDjΩ

2α2
+
3q2d̄ 2φβ

i β jDiΩDjΩ

2α2

+ c̄2φγ
i jχDiΩDjΩ + q2d̄ 2φγ

i jχDiΩDjΩ (A.22)

Maxwell Part

Maxwell’s part has a difficulty and we leave the note for anyone who tries to attempt something similar

to what is being done here. There are two ways to write Faraday’s tensor, Fµν , one, which is the more

standard way, is saying, Fµν = +µAν − +νAµ . The other way is to write it as a function of the electric field,

as we have already seen. When writing out the stress-energy tensor part related to electromagnetism, this

latter definition simplifies more the expressions. This works out better also because we are looking at a

spherical symmetric world and so we discard the more problematic term related to the magnetic field. We

will work with the definition in terms of the electric field, but we leave the alternative derivation in Appendix

B. We have tested it in the code and it is equivalent (as expected), but numerically the definition we will

show now behaves better. This has been thoroughly discussed in [28] and the authors of the paper even

advise against using the electric and magnetic potentials, given that they will make the whole system

of equations only weakly hyperbolic. We, however, have to evolve these potentials because they enter

directly into the scalar field. Hence, the best we can do is, at least, reduce the dependency on A3 and Φ.

Note that the stress-energy tensor, when using the definition in terms of the electric field becomes simply,

(T̄µν)Max = Ω2

(
−
EµEν

4π
+
EαE

α ḡµν

8π
+
EαE

αnµnν

4π

)
. (A.23)

The projections then become,

ρ̄ =
EiE

iΩ2

8π
(A.24)

J̄ i =0 (A.25)

S̄i j = −
EiEjΩ

2

4π
+
EkE

k γi jΩ
2

8πχ
(A.26)

S̄ =
EiE

iΩ2

8π
. (A.27)
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Note that S̄ = ρ̄, which is according to the fact that the electromagnetic part of the stress-energy tensor is

trace-free.

A.3 Alternative Formulation for the KG Secondary Variable

We leave here the alternative formulation of the scalar field, albeit it is equivalent to the one above: instead

of defining Π̄ = ∂t φ̄, we have the Lie derivative of φ̄, such as done in [30], together with the respective

complex decomposition,

Π̄ = −Ln̄φ̄ = − 1

ᾱ

[
∂⊥φ̄ − Lβ φ̄

]
, Π̄ = c̄Π + i d̄Π . (A.28)

This makes c̄Π the lie derivative along n̄µ of c̄φ and the same holds for d̄Π and d̄φ . Now writing (3.52) with

the new definition for c̄Π we get

∂⊥c̄Π =q2Āa3 (Ā3)a c̄φ ᾱ + c̄ΠK̄ ᾱ −
2c̄φ (Ln̄Ω)2ᾱ

Ω2
+
c̄φLn̄Ln̄Ωᾱ

Ω

−
c̄φK̄Ln̄Ωᾱ

Ω
− 2qd̄Πᾱ Φ̄ − qd̄φK̄ ᾱ Φ̄ − q2c̄φ ᾱ Φ̄2 + qd̄φ ᾱ D̄a (A3)a

+ 2qAa3ᾱ D̄a d̄φ + qAa3 d̄φD̄a ᾱ − ᾱ D̄a D̄ a c̄φ −
c̄φ ᾱ D̄a D̄

aΩ

Ω

− D̄a ᾱ (D̄ a c̄φ) −
c̄φD̄a ᾱ D̄

aΩ

Ω
+
2c̄φ ᾱ D̄aΩD̄

aΩ

Ω2
+ qd̄φ ᾱLn̄ Φ̄ + Lβ c̄Π (A.29)

and d̄Π,

∂⊥d̄Π =q2Āa3 (Ā3)a d̄φ ᾱ + d̄ΠK̄ ᾱ −
2d̄φ (Ln̄Ω)2ᾱ

Ω2
+
d̄φLn̄Ln̄Ωᾱ

Ω

−
d̄φK̄Ln̄Ωᾱ

Ω
+ 2qc̄Πᾱ Φ̄ + qc̄φK̄ ᾱ Φ̄ − q̄2d̄φ ᾱ Φ̄2 − qc̄φ ᾱ D̄a (A3)a

− 2qAa3ᾱ D̄a c̄φ − qAa3 c̄φD̄a ᾱ − ᾱ D̄a D̄ a d̄φ −
d̄φ ᾱ D̄a D̄

aΩ

Ω

− D̄a ᾱ (D̄ a d̄φ) −
d̄φD̄a ᾱ D̄

aΩ

Ω
+
2d̄φ ᾱ D̄aΩD̄

aΩ

Ω2
− qc̄φ ᾱLn̄ Φ̄ + Lβ d̄Π (A.30)

It is easily noticed that the expressions are much simpler than with the above definition, but we prefer

to use the definition ∂t φ̄ = Π̄ so that there is no transformation of ᾱ missing. This is just a personal

preference, it does not affect the overall behavior of the system. The rest of the equations would then

follow from this, but we leave this aside and go on to the reduction to spherical symmetry.

A.4 Spherically Symmetric Form of the Equations

A.4.1 Field Equations (without Maxwell+KG)

Now that we have the basic definitions in terms of the coordinate system we will work with, we can go

to the equations of motion. Looking back at (A.1)-(A.6), these become, (without any electromagnetic or
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scalar field part yet)

¤χ = β rχ ′ + 2

3
αχ (K + 2Θ) − β

r γ′r rχ

3γr r
−
2β r γ′θθχ

3γθθ
− 4β rχ

3r
− 2

(β r )′χ
3
, (A.31)

¤γr r =
2β r γ′r r

3
− 2Ar rα −

2γr r β
r γ′θθ

3γθθ
+ 4γr r (β r )′

3r
− 4γr r β

r

3
, (A.32)

¤γθθ =
β r γ′θθ
3

+ Ar r γθθα
γr r

− γθθβ
r γ′r r

3γr r
+ 2γθθβ

r

3r
− 2γθθ (β r )′

3
, (A.33)

¤Ar r = β rA′
r r +

2

3
γr rαχ (Λr )′ −

αγ′′r rχ

3γθθ
+
αγ′′θθχ

3γθθ
− 2α ′′χ

3
+ αχ

′′

3
+ αAr r [K + 2(1 − CZ4c)Θ]

− 2αA2
r r

γr r
+ 4(β r )′Ar r

3
− 4β rAr r

3r
− β

r γ′r rAr r
3γθθ

−
2β r γ′θθAr r

3γθθ
+ αχ (γ

′
r r )2

2γ2r r
−
2αχ (γ′θθ)

2

3γ2
θθ
r

− α (χ
′)2

6χ
+ 2γr rαχ

γθθr 2
− 2αχ

r 2
− 2αΛrχγr r

3r
+ αΛ

rχγ′r r
3

−
αΛrχγr r γ

′
θθ

3γθθ
+ 2αχγr r γθθ

3γ2
θθ

− 2αγ′r rχ

3γθθr
−
4αγ′θθχ

3γθθr
+ 2α ′χ

3r
+ χγ

′
r rα

′

3γr r
+
χγ′θθα

′

3γθθ
− αχ

′

3r
− αγ

′
r rχ

′

6γr r
−
αγ′θθχ

′

6γθθ
− 2α ′χ ′

3

+ 4

3
Zrαχ

′ − 2αχγ′r rΩ
′

3γr rΩ
−
2αχγ′θθΩ

′

3γθθΩ
+ 4αχ ′Ω′

3Ω
− 4αχΩ′

3rΩ
− 2Ar r β

rΩ′

Ω
+ 4αχΩ′′

3Ω

+ 8ZrαχΩ
′

3Ω
(A.34)

¤K = β rK ′ − χα
′′

γr r
+ α
3
(K + 2Θ)2 + 3αA2

r r

2γ2r r
− 2χα ′

γr r r
+ χγ

′
r rα

′

2γ2r r
−
χγ′θθα

′

γr r γθθ
+ α

′χ ′

2γr r
− 3β r ¤αΩ′

α2Ω

+ 3 ¤β rΩ′

αΩ
+ κ1 (1 − κ2)αΘ

Ω
− 2CZ4cZrα

′χ

γr r
− αχγ

′
r rΩ

′

2γ2r rΩ
+ αχγθθΩ

′

γr r γθθΩ
+ 3χα ′Ω′

γr rΩ
− αχ

′Ω′

2γr rΩ

+ 2αχΩ′r

γr r r
+ αχΩ

′′

γr rΩ
− 2CZ 4cZrαχΩ

′

γr rΩ
+ 3α (Ω′)2

Ω2

(
(β r )2
α2

− χ

γr r

)
+ 3(β r )2α ′Ω′

α2Ω
− 3β r (β r )′Ω′

αΩ

− 3(β r )2Ω′′

αΩ
− (K + 4Θ)β rΩ′

Ω
(A.35)

¤Λr = β r (Λr )′ − 2α (2K ′ + Θ′)
3γr r

+ β
r γ′′r r
6γ2r r

+
β r γ′′θθ
3γr r γθθ

+ 4(β r )′′
3γr r r

+ 2Ar rα

γ2r r r
− 2Ar rα

γr r γθθr
− 2Ar rα

′

γ2r r

− 3Ar rαχ
′

γ2r rχ
+ Ar rαγ

′
r r

γ3r r
+
Ar rαγ

′
θθ

γ2r r γθθ
−
β r (γ′θθ)

2

γ2r r γ
2
θθ

+ 2β r γ′r r
3γr r γθθr

−
8β r γ′θθ
3γr r γθθr

+
4β r γ′θθ
3γ2
θθ
r

+
2γ′θθ (β

r )′

3γr r γθθ
− 10β r

3γr r r 2
+ 2β r

3γθθr 2
+ 4(β r )′

3γr r r
+ 4(β r )′

3γθθr
− 4(K + 2Θ)Zrα

3γr r
+ 2Zr β

r γ′r r
3γ2r r

+
4Zr β

r γ′θθ
3γr r γθθ

+ 8Zr β
r

3γr r r
+ 4Zr (β r )′

3γr r
− 2CZ 4cΘα

′

γr r
− 2α (2K + Θ)Ω′

3γr rΩ
+ 2CZ 4cαΘΩ

′

γr rΩ

− 4Ar rΩ
′α

γ2r rΩ
− 4β rα ′Ω′

αγr rΩ
+ 4(β r )′Ω′

γr rΩ
+ 4β rΩ′′

γr rΩ
+ 4Zr β

rΩ′

γr rΩ
− 2κ1αZr

γr rΩ
(A.36)

¤Θ = β rΘ′ + 1

2
αχ (Λr )′ − αχγ

′′
r r

4γ2r r
−
αχγ′′θθ
2γr r γθθ

+ αχ
′

γr r
+ α
3
(K + 2Θ)2 − CZ4cαΘ(K + 2Θ)

− CZ 4cZrα
′χ

γr r
− CZ 4cZrαχ

′

2γr r
− κ1 (2 + κ2)αΘ

Ω
− 3αA2

r r

4γ2r r
+ αΛ

rχ

r
+ 3αχ (γ′r r )2

8γ3r r

+
αχ (γ′θθ)

2

4γr r γθθ
− 5α (χ ′)2

4γr rχ
− αχγ′r r
2γr r γθθr

+ αΛ
rχγ′r r
4γr r

−
αχγ′θθ
γr r γθθr

+
αΛrχγ′θθ
2γθθ

+ 2αχ ′

γr r r

− αγ
′
r rχ

′

2γ2r r
+
αγ′θθχ

′

γr r γθθ
− αχγ

′
r rΩ

′

γ2r rΩ
+
2αχγ′θθΩ

′

γr r γθθΩ
− αχ

′Ω′

γr rΩ
+ 4αχΩ′

γr r rΩ
+ 2αχΩ′′

γr rΩ

+ 3α (Ω′)2
Ω2

(
(β r )2
α2

− χ

γr r

)
− 2Kβ rΩ′

Ω
, (A.37)
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Where the variable K in these equations corresponds to the K̃ when used in the equations in the tensorial

form. We have taken out the tilde here for better readibility. The same happens for Θ. The constraints

also become,

H = − 3A2
r

2γ2r r
+ 2(K + 2Θ)2

3
+
χ (γ′θθ)

2

2γ2
θθ

− 5(χ ′)2
2χγr r

− 2χ

γr r r 2
+ 2χ

γθθr 2
+ 2χγ′r r
γ2r r r

−
6χγ′θθ
γr r γθθr

+
χγ′r r γ

′
θθ

γ2r r
− γ

′
r rχ

′

γ2r r
+
2γ′θθχ

′

γr r γθθ
+ 4χ ′

γr r r
−

2χγ′′θθ
γr r γθθ

+ 2χ ′′

γr r
− 2χγ′r rΩ

′

γ2r rΩ
+
4χγ′θθΩ

′

γr r γθθΩ
− 2χ ′Ω′

γr rΩ

− 6χ (Ω′)2
γr rΩ2

+ 8χ (Ω′)2
γr r rΩ

+ 4χΩ′′

γr rΩ
, (A.38)

Mr = − γ
′
r rAr r

γ2r r
+
3γ′θθAr r

2γr r γθθ
− 3χ ′Ar r

2χγr r
+ A

′
r r

γr r
− 2

3
(K ′ + 2Θ′) − 2Ar rΩ

′

γr rΩ
(A.39)

Zr =
1

2
γr rΛ

r + 1

r
− γr r
γθθr

− γ′r r
4γr r

+
γ′θθ
2γθθ
. (A.40)

A.4.2 Field Equations (with Maxwell+KG)

In order to incorporate the Maxwell and Klein-Gordon part, we have to add the following terms to each of

the equations and this will make the whole system complete:

( ¤Ar r )Max+KG = − 16
3 πq

2 (A3
)2 (
c̄φ

)2
αχ

(
Ω

)2 − 16
3 πq

4 (A3
)2 (
d̄φ

)2
αχ

(
Ω

)2 + 4
3

(
E
)2
αχ

(
Ω

)2
+ 32

3 πq
2A3d̄φαχ

(
Ω

)2
c̄′φ − 16

3 παχ
(
Ω

)2 (
c̄′φ

)2 − 32
3 πq

2A3c̄φαχ
(
Ω

)2
d̄ ′φ − 16

3 πq
2αχ

(
Ω

)2 (
d̄ ′φ

)2
− 32

3 πc̄φαχΩc̄
′
φΩ

′ − 32
3 πq

2d̄φαχΩd̄
′
φΩ

′ − 16
3 π

(
c̄φ

)2
αχ

(
Ω′)2 − 16

3 πq
2 (d̄φ )2αχ (

Ω′)2 (A.41)

( ¤K )Max+KG =
8π

(
c̄Π

)2 (
Ω

)3
α

+
8πq2

(
d̄Π

)2 (
Ω

)3
α

− 16πq2c̄φ d̄ΠΦ
(
Ω

)3 + 16πq2c̄Πd̄φΦ
(
Ω

)3
+ 8πq2

(
c̄φ

)2
α
(
Φ
)2 (

Ω
)3 + 8πq4

(
d̄φ

)2
α
(
Φ
)2 (

Ω
)3 + (

E
)2
αχ

(
Ω

)3
γr r

−
16πc̄Πβ

r
(
Ω

)3
c̄′φ

α

− 16πq2d̄φβ
rΦ

(
Ω

)3
c̄′φ +

8π
(
β r

)2 (
Ω

)3 (
c̄′φ

)2
α

−
16πq2d̄Πβ

r
(
Ω

)3
d̄ ′φ

α
+ 16πq2c̄φβ

rΦ
(
Ω

)3
d̄ ′φ

+
8πq2

(
β r

)2 (
Ω

)3 (
d̄ ′φ

)2
α

−
16πc̄Πc̄φβ

r
(
Ω

)2
Ω′

α
−
16πq2d̄Πd̄φβ

r
(
Ω

)2
Ω′

α
+
16πc̄φ

(
β r

)2 (
Ω

)2
c̄′φΩ

′

α

+
16πq2d̄φ

(
β r

)2 (
Ω

)2
d̄ ′φΩ

′

α
+
8π

(
c̄φ

)2 (
β r

)2
Ω

(
Ω′)2

α
+
8πq2

(
d̄φ

)2 (
β r

)2
Ω

(
Ω′)2

α
(A.42)

( ¤Λr )Max+KG =
16πq2A3c̄φ d̄Π

(
Ω

)4
γr r

−
16πq2A3c̄Πd̄φ

(
Ω

)4
γr r

−
16πq2A3

(
c̄φ

)2
αΦ

(
Ω

)6
γr r

−
16πq4A3

(
d̄φ

)2
αΦ

(
Ω

)6
γr r

+
16πc̄Π

(
Ω

)2
c̄′φ

γr r
+
16πq2A3d̄φβ

r
(
Ω

)4
c̄′φ

γr r
+
16πq2d̄φαΦ

(
Ω

)4
c̄′φ

γr r
−
16πβ r

(
Ω

)2 (
c̄′φ

)2
γr r

+
16πq2d̄Π

(
Ω

)2
d̄ ′φ

γr r
−
16πq2A3c̄φβ

r
(
Ω

)4
d̄ ′φ

γr r
−
16πq2c̄φαΦ

(
Ω

)4
d̄ ′φ

γr r
−
16πq2β r

(
Ω

)2 (
d̄ ′φ

)2
γr r

+
16πc̄Πc̄φΩΩ′

γr r
+
16πq2d̄Πd̄φΩΩ′

γr r
−
32πc̄φβ

rΩc̄′φΩ
′

γr r
−
32πq2d̄φβ

rΩd̄ ′φΩ
′

γr r

−
16π

(
c̄φ

)2
β r

(
Ω′)2

γr r
−
16πq2

(
d̄φ

)2
β r

(
Ω′)2

γr r
(A.43)
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( ¤Θ)Max+KG = −
4π

(
c̄Π

)2 (
Ω

)3
α

−
4πq2

(
d̄Π

)2 (
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α
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(
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−
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(
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c̄′φ

)2
α

−
4παχ

(
Ω

)3 (
c̄′φ

)2
γr r

+
8πq2d̄Πβ
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d̄ ′φ
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d̄ ′φ
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. (A.44)

In the case of the constraints, the extra terms that one must add are:

(H)Max+KG = −
8π
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(A.45)

(Mr )Max+KG =
8πq2A3c̄φ d̄Π
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+
8πc̄Πc̄φΩΩ′
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8πq2d̄Πd̄φΩΩ′
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′

α
−
16πq2d̄φβ

rΩd̄ ′φΩ
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(
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(
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α
. (A.46)

The reader probably has already taken note of this, but notice that the momentum constraint and the Λr

equations have no factors that come directly from electromagnetism only. This has to do with the fact

that both depend on the J̄ i projection of the stress-energy tensor which in spherical symmetry vanishes

completely. Only the terms that are coupled to the scalar field survive.

A.4.3 GBSSN Maxwell and Scalar Field in Spherical Symmetry

The equations (A.11)-(A.17) now become,

¤E = − 2Ar rEα

γr r
+ 4πj̄rα + KCMCEα

3Ω
+ KEα

3Ω
+ 2CZ 4EΘα
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(A.47)
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¤A3 = − Eα + β rA′
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′ − αΦ′ (A.49)
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(A.50)

¤̄cφ = c̄Π (A.51)
¤̄dφ = d̄Π (A.52)
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Chapter A: GBSSN system of equations A.4 Spherically Symmetric Form of the Equations
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, (A.54)

and the physical charge and current densities take the form,

q̃dens. =
qc̄φ d̄Π

(
Ω

)2
α

−
qc̄Πd̄φ

(
Ω

)2
α

− q2
(
c̄φ

)2
Φ

(
Ω

)2 − q2 (d̄φ )2Φ (
Ω

)2
+
qd̄φβ

r
(
Ω

)2
c̄′φ

α
−
qc̄φβ

r
(
Ω

)2
d̄ ′φ

α
(A.55)

j̃r = − q2A3
(
c̄φ

)2 (
Ω

)2 − q2A3
(
d̄φ

)2 (
Ω

)2 + qd̄φ (
Ω

)2
c̄′φ − qc̄φ

(
Ω

)2
d̄ ′φ . (A.56)

We again recall that to get the compactified currents, one only has to divide by Ω2. Finally, the Gauss

constraint (A.18) becomes,

P =
2Eχ

γr r r
+ χE

′

γr r
− Eχγ

′
r r(

γr r
)2 − Eχ ′

2γr r
+ 4πq̄dens. (A.57)
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Appendix B

Alternative Formulation of

Electromagnetic part of the Stress

Energy Tensor

If we are to write the Faraday tensor as a function of the four-potential, Aµ , we get that the projections

become,

ρ̄ =
EiE

iΩ6

8π
+ E

iΩ5ΦDiΩ

2π
−
γk iΩ6χDiA3

jDjA3k

8π
−
A3

k γj iΩ6DiχDjA3k

16π
−
A3

iEi β
jΩ5DjΩ

2πα

−
A3

iΩ5DiA3
jDjΩ

2π
−
A3

iA3
jΩ4DiΩDjΩ

2π
−
A3

i β jΩ4ΦDiΩDjΩ

πα
+
γj iΩ4Φ2χDiΩDjΩ

2π

+
A3

iA3
jΩ5DiχDjΩ

2πχ
+
γk iΩ6χDiA3

jDkA3j

8π
+
A3

j γk iΩ5χDiA3jDkΩ

2π
+
A3jA3

j γk iΩ4χDiΩDkΩ

2π

+
A3iA3

i β j β kΩ4DjΩDkΩ

2πα2
−
A3

j γi kΩ6DiA3jDkχ

16π
+
A3

j γi kΩ6DjA3iDkχ

8π
(B.1)

J̄ i =
E jΩ6DjA3

i

4π
−
E k γi jΩ6χDjA3k

4π
+
A3

iE jΩ5DjΩ

2π
−
A3

kEk γ
i jΩ5χDjΩ

2π
−
A3

iE jΩ6Djχ

4πχ

−
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j β kΩ5DjA3
iDkΩ

2πα
+
γk jΩ5ΦχDjA3

iDkΩ
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−
γi jΩ5ΦχDjA3

kDkΩ

2π
−
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iA3
j β kΩ4DjΩDkΩ

πα

−
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k γi jΩ4ΦχDjΩDkΩ

π
+
A3

iγk jΩ4ΦχDjΩDkΩ

π
−
A3

iγk jΩ5ΦDjχDkΩ

2π
+
A3

k γj iΩ5ΦDjΩDkχ
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+
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iA3
k β jΩ5DjΩDkχ

2παχ
+
A3

k γi j β lΩ5χDjA3kD lΩ

2πα
+
A3kA3

k γi j β lΩ4χDjΩD lΩ

πα
(B.2)

S̄i j = −
EiEjΩ

6

4π
+
EkE

k γi jΩ
6

8πχ
−
EjΩ

5ΦDiΩ

2π
+
A3

kΩ5DiΩDjA3k

2π
+
γ l kΩ6χDiA3kDjA3 l

4π

−
A3kA3 lΩ

6Di β
lDj β

k

4πα2
+
A3kA3 lΩ

6Di β
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l
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5ΦDjΩ
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kΩ5DiA3kDjΩ
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+
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5ΦDkΩ

2πχ
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π
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(B.3)
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EiE

iΩ6

8π
+ E

iΩ5ΦDiΩ

2π
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, (B.4)

which is significantly more complicated than expected. When passed down to spherically symmetric

coordinates, the expressions get more simplified. At the same time, matching these expressions with the

ones obtained with writing the Faraday tensor only as a function of the electric field is easier to do.

The factors we have to add to the evolution equations, given the above projections, become instead,

( ¤Ar r )Max+KG = − 16
3 πq

2 (A3
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Ω′)2 + 16

(
A3

)2 (
β r

)2
χ
(
Ω

)4 (
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Finally, the constraints become,
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Appendix C

Notes on Penrose Diagrams

Before starting this appendix, the following must be said: the first two sections are more related to the

aesthetic of Penrose diagrams and the third section has more in-depth calculations for trumpet initial data.

C.1 Cauchy Slices

When doing this work, I was confronted with a not-so-clear difficulty in making a Penrose diagram that

suited my aesthetic preferences. From talking with several people, what usually is done is one chooses

some values of t̃ and r̃ , and then, by eye, one gradually builds the diagram. However, there is a way to do

this more systematically.

The way I consider a Penrose diagram to be more aesthetic is by having equally spaced slices when

crossing the axis of the Penrose diagram, i.e., variables T and R (see Fig. C.1). To express this in

practice, we choose adapted coordinates to write the Schwarzschild and Reissner-Nördstrom spacetimes

and afterward apply the thought process.

For Schwarzschild, we opt to use Kruskal-Szekeres coordinates. If the reader is interested, I redirect

you to Appendix A in [10]. The expressions we are interested in using are,

r̃ > 2M ,

T̃ = e r̃ /4M
√

r̃

2M
− 1 sinh

(
t̃

4M

)
(C.1)

R̃ = e r̃ /4M
√

r̃

2M
− 1 cosh

(
t̃

4M

)
(C.2)

r̃ < 2M ,

T̃ = e r̃ /4M
√
1 − r̃

2M
cosh

(
t̃

4M

)
(C.3)

R̃ = e r̃ /4M
√
1 − r̃

2M
sinh

(
t̃

4M

)
(C.4)
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r = 0
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i +
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0

i0

i +

i

+

Figure C.1: Schwarzschild and Reissner-Nördstrom Penrose diagrams with lines of constant t̃
and constant r̃ .
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Recall that the coordinates in which the Penrose diagram is usually written are,

T = arctan(T̃ + R̃ ) + arctan(T̃ − R̃ ) , R = arctan(T̃ + R̃ ) − arctan(T̃ − R̃ ) . (C.5)

We can now proceed to translate the aesthetics into the coordinates.

Looking back to (C.5), these coordinates are the ones in which our Schwarzschild Penrose Diagram

will be written. If we look only at the part of domain where r̃ > 2M , we get that T̃ ∈] − ∞, +∞[ and

R̃ ∈]0, +∞[. This means that T ∈] − π/2, π/2[ and R ∈]0, π [. To have the slices equally spaced, we define

the following: the amount of slices, N , and the spacing between each, ∆. To have a slice in the middle of

the diagram, N has to be odd. With that settled, let us first say we want,

R = i · ∆ , i ∈ [1,N ] .

Furthermore, we want them specifically to be equally spaced when T = 0. If we put these conditions back

into (C.2), we get,

0 = e r̃ /4M
√

r̃

2M
− 1 sinh

(
t̃

4M

)
i · ∆ = e r̃ /4M

√
r̃

2M
− 1 cosh

(
t̃

4M

)
.

Given that r̃ > 2M , the only option that suits the first requirement is if t̃ = 0. We are only left with,

i · ∆ = e r̃ /4M
√

r̃

2M
− 1 , (C.6)

which is an implicit function of r̃ . One needs to find the roots of the right-hand side minus the left-hand

side of the equation. The initial guess should always be near 2M , given that most of the slices will have

an r̃ close to that value.

If we are to look at the other type of slices (Cauchy Slices),

T = i · ∆, i ∈ [1,N ]

R should also be in the middle of the diagram, i.e., R = π
2 , so that the Cauchy slices are equally spaced in

the middle. The thing is not as clear cut as before. We rewrite the tilded variables as a function of the

untilded variables and immediately get,

T̃ =
1

2

(
tan

(
T + R

2

)
+ tan

(
T − R

2

))
(C.7)

R̃ =
1

2

(
tan

(
T + R

2

)
− tan

(
T − R

2

))
(C.8)

This will get us non-zero values for the tilded variables. Afterward, we want to invert back to the physical
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variables and so we pick the two equations in (C.2) and divide one by the other, to get,

T̃

R̃
=

sinh(t̃/(4M ))
cosh(t̃/(4M )) ,

that can be rewritten as,

T̃ cosh(t̃/(4M )) − R̃ sinh(t̃/(4M )) = 0 , (C.9)

and again we have an implicit function. This one is better behaved and the initial guess is irrelevant.

Something close to 0 works fine.

For the Reissner-Nördstrom case, the thought process is identical, but some problems might appear

when trying to draw the innermost region of the spacetime, given that r̃ has very small values there. This

can also be applied to Schwarzschild spacetime if 2M is very small when we are trying to draw the region

inside the event horizon. Something helpful for numerical stability is using the logarithmic version of these

functions. For example, going back to (C.6), applying log to both sides gives,

log(i · ∆) = r̃

4M
+ 1

2
log

(
r̃

2M
− 1

)
,

and this function is "slower" behaved for r̃ near 2M . I had to resort to this when plotting the region r̃ < r̃−
in the Reissner-Nördstrom spacetime.

C.2 Hyperboloidal Slices

We can do something similar to hyperboloidal slices, it only requires a bit more work. To have hyperboloidal

slices of Minkowski spacetime, we do a change of time coordinate, like,

τ = t̃ −

√
r̃ 2 +

(
3

KCMC

)2
.

In order to have things equally spaced along the line R = π/2, we can start from the lines of constant t̃ , in

(C.9). This equation gives us the times t̃ we want, but it is not enough for us to find the constant τ: the r̃

is missing. Thus, we have to find the r̃ ’s, to have the pairs of coordinates that correspond to the points

in the Penrose diagram of the type (R ,T ) = (π/2, i · ∆). If we go to (C.8), we can substitute directly the

values for T and R ,

T̃ =
1

2

(
tan

(
i · ∆ + π/2

2

)
+ tan

(
i · ∆ − π/2

2

))
.

If we also use (C.2), we can already substitute the value for t̃ , leaving us, again, with an implicit function

for r̃ :

e r̃ /4M
√

r̃

2M
− 1 sinh

(
t̃

4M

)
=

1

2

(
tan

(
i · ∆ + π/2

2

)
+ tan

(
i · ∆ − π/2

2

))
.

Finding the root of this function, we get the desired value for r̃ . Note that you do not have to solve this

function for each pair of values (t̃ , T̃ ) = (t̃ , i · ∆). The r̃ that we want will be the same for all points, along

the middle line of the Penrose diagram (roughly equal to 1.2784). With all this work, we get the red points
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plotted in Fig. C.2.

r = 0

i0

i +
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+
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en
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Figure C.2: Schwarzschild spacetime Penrose Diagram with red points equally spaced along the
middle line of diagram, in the region outside the event horizon.

Ideally, the hyperboloidal slices should pass through these points.

C.3 Trumpet Initial Data

In order to get trumpet initial data in our Penrose diagrams [52], we have to go back to (4.10), which we

present again here,

h′ (r̃ ) = − 1

A(r̃ )
√
A(r̃ ) +

(
KCMC r̃

3 + CCMC
r̃ 2

)2 (
KCMC r̃

3
+ CCMC

r̃ 2

)
.

Trumpet initial data is useful to avoid the black hole’s singularity by a clever choice of slicing. Let us pick

the Schwarzschild solution, which means we have to choose,

A(r̃ ) = 1 − 2M

r̃
,

where M is the black hole’s mass. Making this substitution in the equation before, it is impossible to get

an analytic expression. Furthermore, the derivative of the height function suddenly has a (coordinate)

singularity at r̃ = 2M . If we were to rewrite the metric as a function of the tortoise coordinate for

Schwarzschild spacetime,

r̃∗ = r̃ + 2M log
(
r̃

2M
− 1

)
,

this singularity would vanish, as the horizon is pushed to infinity. But we do not need to get into that. Given

that we want trumpet initial data, we have to choose CCMC accordingly, which provides a double root for

the square root in the denominator, R0. This R0 will correspond to the minimum Schwarzschild radius that

the hyperboloidal slices can reach. Going back to the height function: if we try to integrate it numerically,

one gets Fig. C.3. Two things worth discussing about the figure: the initial value of h and the way the
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Comparison of Numerical and Flat Solutions in Schwarzschild Spacetime
Numerical Solution (Schwarzschild)
Analytic Solution (Flat)

Figure C.3: Numerical integration of (4.10), with KCMC = −1 and CCMC ≈ 3.11483. The initial value
of h is chosen so that asymptotically the solution approaches the one we chose for flat spacetime.

coordinate singularity is dealt with. Recalling the height function we had chosen for flat spacetime,

h (r ) =

√
r̃ 2 +

(
3

KCMC

)2
,

we note that our trumpet initial data should, asymptotically, reach this behavior. Therefore, we chose the

initial value of h such that the last point between our numerically integrated solution and the flat spacetime

one were the same. This makes it easier to see that the asymptotic behavior of both solutions is the

same. The other problem is how to treat the coordinate singularity: starting the integration at r̃ = R0, as

it approaches r̃ = 2M , the function blows up. We stop the integration at a given 2M − ϵ and restart the

ingretation at 2M + ϵ. This ϵ is chosen to be as small as possible before the any NaNs showed up. A

good enough value was ϵ ≈ 0.001. Having dealt with this, we can go back to the Penrose diagrams. We

have the same points we want to cross, as shown in Fig. C.2, so we simply interpolate the numerical

solution we had in order to have the value of h there, put it together with the value for t̃ and get the τ that

indicates the hyperboloidal slice that should go through the point. The result is plotted in Fig. C.4.
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r = R0

r = R0
= const.

Figure C.4: Hyperboloidal slices in trumpet initial data, in Schwarzschild spacetime. The grey
area represents the part of the spacetime that the outer slices do not reach. There are inner slices
that connect the singularity to i +, that we are not plotting here.

109



Appendix D

Metaphysical Considerations

D.1 On Space and Time

The following text is not a scientific one. One can even regard it as being unnecessary for the work, but it

was important to get some ideas straight about what I was doing and thus I will leave them here for it

might be of use to someone who reads this document.

Throughout this work, we have focused on what people had done before, asserted, and studied, never

questioning why we did that. I am not speaking about the motivation for each step done, which was always

given, but it was given with a further lack of metaphysical motivation.

"The fact that curiosity always holds by what is coming next, and has forgotten what has

gone before, is not a result that ensues only from curiosity, but is the ontological condition for

curiosity itself.", Martin Heidegger, Being and Time, 1927

Curiosity has to be the essential motivation behind this work, although it is not this work in particular

that is curious, it is the Being of human beings (Dasein) that is curious. Otherwise, by being sentient, we

would face ourselves with the absence of reason in life. Curiosity is the primordial tool for keeping oneself

alive and caring, as defined by Heidegger, is the reason behind it.

“There is a wish for completeness inherent to human logic, a contempt for the particular case,

a constant fight for the general case. Why should the general case be more interesting than

the particular case?”, Ludwig Wittgenstein, On Certainty, 1969

Taking off from curiosity, Wittgenstein shows us a way to describe it: the constant fight for something

general, for something more abstract, which is not tangible just by mere sight. Curiosity is only kept alive

when the run is after something that does not exist without the presence of Dasein. So, we have touched

the surface of why one should be motivated to investigate whatever topic: it is an a priori condition of

human life. In our case, the science to be studied is mathematical physics, which serves a very distinct

purpose.

"The classical example of the historical development of a science and even for its ontological

genesis is the rise of mathematical physics. What is decisive for its development does not lie
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in its rather high esteem for the observation of facts, nor in its ’application’ of mathematics in

determining the character of natural processes; it lies rather in the way in which Nature herself

is mathematically projected. In this projection, something constantly present-at-hand (matter)

is uncovered beforehand, and the horizon is opened so that one may be guided by looking

at those constitutive items in it which are quantitatively determinable (motion, force, location,

and time). [...] In the mathematical projection of Nature what is decisive is not primarily the

mathematical as such; what is decisive is that this projection discloses something that is a

priori.", Martin Heidegger, Being and Time, 1927

Mathematics is the system we, as a species, have developed to understand nature. The bare necessity

of mathematics comes from the fact that languages lack rigor: they are ever-changing. “It is the particular

use of a word that gives it meaning”, according to Wittgenstein. Thus, by the creation of abstract symbols

that have a precise definition, which are not natural and thus need study to be understood, humans have

developed a space upon which they can project nature. Nothing that is defined in physics really exists, it

is just an interpretation of this projection and we, given the natural constraint of our understanding, will

never be sure whether what we have defined is true. Like philosophy, physics and mathematics are a

collection of definitions and tools that delve into human understanding and, in the end, must produce

exactly what we expect them to produce. We will never understand what we cannot understand.

“Why can we not imagine a white transparent glass?”, Ludwig Wittgenstein, Remarks on

Colours, 1950

We have until now talked about why this work was created in the first place, fueled by curiosity; we

have described what is the assumption that mathematical physics makes, as a projection of nature, and

of its necessity for this projection. Now, we can focus on the objects of nature that were studied for the

most part here: space and time.

“Space is that in whose smallest division all the time can happen and time is that in whose

smallest division all space is contained”, Abu al-Ala al-Maarri, Epistle of Forgiveness, 1033

Space and time have, as Dasein, been defined in several ways throughout history. Immanuel Kant,

in his famous work Critique of Pure Reason (1781), proposed that these two entities were the a priori

conditions for human understanding.

"Space is not an empirical concept which has been derived from outer experiences. [...] It is

the subjective condition of sensibility, under which alone outer intuition is possible for us.”

Einstein, after reading Kant’s book, immediately pointed out the initial mistake in the Critique: the

separation of time and space. However, the fact that the Being of human beings exists in space and time

is something one cannot deny. Thus, studying these two topics, which under General Relativity are one,

opens the way for many metaphysical questions. What does one study when studying space and time?

Why can we not see space bending in the presence of matter (only the effects of this bending)? Why is

light the limit speed of the universe?
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One thing we take for granted: General Relativity is part of the broader mathematical physics area

and thus it is part of humanity’s tools to project nature onto its way of understanding the world. When

one says the way of understanding the world proper to human beings, we are referring to assumptions

like the non-contradiction principle and that everything that happens, it happens for a cause. This latter

condition, causality, was one of Kant’s arguments against the possibility of answering the ontological

question regarding the existence of God. Given that we always understand something as being the cause

of another something, the causality chain never ends and, if it were to end, we would not understand why

it ended, because that is not the way human understanding was designed to be.

"Dasein is essentially de-severance - that is, it is spatial. Dasein is spatial in that indeed it

constantly comports itself de-severantly towards the entities thus spatially encountered."

"Time is primordial as the temporalizing of temporality, and as such it it makes possible

the Constitution of the structure of care. Temporality is essentially ecstatic. Temporality

temporalizes itself primordially out of the future. Primordial time is finite.", Martin Heidegger,

Being and Time

In his magnum opus (Being and Time), Heidegger concludes that space is essentially temporal, given

that we experience space as the Being of Dasein, in the way it comports to what is within-the-world. And

this experience must be felt along some given time.

We are born in spacetime. We never lived outside of spacetime, there was never a single moment we

felt that time was not going forward nor that space ceased to exist. We can never be somewhere that is

not space. We can never be if time stops. Thus, after space and time are united in spacetime, as Einstein

proposed and as it has been confirmed by several experimental observations, this entity still continues to

be the a priori condition for what we experience to happen. We live within-a-world and our understanding

is limited to this being, much like the language we use to communicate.

As was done in the Critique of Pure Reason, one could propose that, given that our understanding is

limited by spacetime, one cannot understand outside of it and thus we cannot give a precise definition of

it. If we could define spacetime, we could define also what is not spacetime, but this would be beyond our

understanding, similar to the definition of God.

What does General Relativity describe then?

Given that it cannot define spacetime, the only thing it provides is a description of how space and

time relate to one another. It is just a phenomenological theory, like physics in general, in the sense that

it provides an interpretation of how space and time relate in a mathematical construction, but does not

explain why it happens.

“The original theory has to reinvent itself every time it is exposed to a new context.”, Slavoj

Žižek, in the introduction to On Practice and Contradiction, Mao Tse Tung, 1937

The work done in this thesis is a mere experimentation of General Relativity, it is a pushing forward the

limits of the understanding that we can retrieve of the theory. One can further ask: why is this important?

Why do we need to test theories?
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As was mentioned before, physics is a phenomenological description of nature, given that it is based

on the mathematical projection of the latter. Thus, we shall never understand the why of things, only the

how. With this limitation, the only way out is to delve deep into the existing theories and test them, to

check whether they produce results that are compatible with the expectations of human understanding.

We are the only tool we have to check whether what we propose is true.

“Once entities have been uncovered, they show themselves precisely as entities which be-

forehand already were. Such uncovering is the kind of Being which belongs to ’truth’”, Martin

Heidegger, Being and Time, 1927

Although truth belongs to each Dasein, it is not necessarily subjective. But this is also why we are

limited in our understanding. I hope this brief Critique of Spacetime provides the reader with some insight

into the metaphysical questions related to this work.

Afterword

Some months after having written the above considerations, I came to notice the existence of a still

ongoing debate in the philosophy of science regarding something related to what I wrote, due to a fruitful

conversation with Jordan Grujić (Munich Center of Mathematical Philosophy). The debate is about the

nature of spacetime and the question is whether spacetime is a substance or a structure (p. e. [85, 86]).

This comes from the "hole" argument, which was immediately pointed out by Einstein in 1913 [87],

forgotten for some years and later the discussion was revived by John Earman and John Norton back in

1987. The main idea is that General Relativity is invariant under diffeomorphisms, i.e., the equations that

we can derive from Einstein’s field equations are invariant under smooth changes of coordinates. Now,

suppose we are looking at some region of spacetime, and in the middle of it, there is a hole.

Figure D.1: Region of spacetime with a hole in it. Source: [88].

If we apply a diffeomorphism to the metric inside this hole but leave its boundary and the rest of that

region as it was before, this new metric will continue to be a solution to the EFEs. Thus, the question that

one can ask is: are the points of spacetime inherently meaningful without reference to the fields or objects

defined on them, or is the meaning in the relationships between the fields or objects in spacetime? The

people who believe in the first option are called substantivalists and the latter ones are relationalists. The

main argument in favor of relationalism is the following: if spacetime points have meaning, we will get two

solutions to the same region of spacetime, which means we will have a superposition of futures that are
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equally possible according to the EFEs. Ontologically, this presents many challenges, but until now there

has not been a proof or a refutation of this argument.

Given our natural limitation of living in our present which has its own future and of living this in

spacetime, it should be impossible to actually see spacetime from the outside and say whether spacetime

points do or do not have meaning by themselves. The absence of this possibility, of going out of spacetime,

could be an indication of the absence of meaningfulness of spacetime points itself, but this argument

would need some follow-up investigation work, which is out of the scope of this thesis.

D.2 On Scalar Fields

Although many discussions have already occurred about scalar field theories [89, 90], this work will benefit

of a brief debate on scalar fields. What are we seeing when we are simulating a scalar field?

Quite a few proposals of scalar fields have been around for some decades, but until now only one

of them has been confirmed (2012): the Higgs boson [91]. It is by the spontaneous symmetry breaking

of an internal Lie symmetry that a scalar field gives mass to vectors and leptons and quarks [89], which

indeed is what the Higgs boson does: it gives mass to the fundamental particles of the universe.

How do we connect this with our work? As it stands, the Higgs boson, through the eyes of General

Relativity, is but a particle with mass and as such it is a minimally coupled massive scalar field with gravity.

To incorporate a uncharged boson-type field in our work, we would have to replace the mass in (2.12)

with the given boson mass (assuming only the real part of the scalar field).

Going back to Higgs, there has been some work in extending how the Higgs boson couples to gravity:

by having a non minimal coupling, this would mean that the Higgs boson could have had an impact in early-

universe cosmology [92]. However, when it comes to the inflation period of early universe, cosmologists

have for a long while already given their go at another scalar field: the inflaton, which serves as an

explanation for the inflation period [93] and also for the Cosmic Microwave Background observations.

This latter is the only indirect indication that the inflaton might exist. There has been also some work with

a two-scalar-field-proposal that could better explain inflation [94], but again this still lacks proof. There is

a significant difference from the Higgs boson in the inflaton theories, for they presuppose a coupling to

gravity, typically described as

S =

∫
d 4x

√−g
[
1

2
m2
P R − 1

2
∂µ∂µφ −V (φ) − 1

2
ξRφ2

]
,

where φ here is the magnitude of the inflaton field and ξ is the strength of the interaction between R and

φ. This non minimal coupling includes more dynamics that would need to be redone if to be included in

this work, for example. We would recover the real scalar field by setting ξ to 0.

There have been some other proposals of scalar fields: the dilaton, the axion, moduli fields and

quintessence. From these, only quintessence has an indirect proof, the observation of cosmic acceleration,

but still no direct detection. The axion has ongoing experiments [95] to detect it, but until now still no direct

observation as well. However, the question still remains, what is exactly a scalar field?
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Mathematically, it is just a function of space and time that gives a specific value for each point in space

and time. Examples of this could be the potential energy or the temperature in a room. However, scalar

fields can behave in different ways. For example, for the case of temperature we know that it usually

follows the heat equation [96],
∂T

∂t
= α+2T ,

which is fundamentally different from the Klein-Gordon equation. Thus, we are faced with the fact that we

cannot give physical meaning to a scalar field without having its governing equation attached to it. In the

case that was presented in this work, we focused on the Klein-Gordon equation, which is indeed the one

that describes the Higgs-Boson, for example. However, we used the massless version, which is the four

dimensional version of the wave equation, so this could not possibly describe the Higgs boson. We could

then propose that when we are simulating a massless scalar field, we are actually seeing how waves

would propagate in that world, in a generic way. Furthermore, a wave can be thought of as a packet of

energy which moves around (in waves).

There is still another possibility, Goldstone bosons, that are created when there is a spontaneous

symmetry breaking. This is derived from the Goldstone theorem [97], which we will not go to deep into

here.

For the case of a massless complex scalar field, which is exactly what we had here, this is equivalent

to having two real scalar fields, one corresponding to the real and another to the imaginary part. Given

that it is minimally coupled to electromagnetism through Aµ , this will also have further dynamics if any

symmetry is broken. Physically, a complex scalar field, given that it has charge, can represent a charged

particle.

Even though we lacked more precise examples, I hope this brief debate has helped to demistify what

is a scalar field.
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